ON CERTAIN POLYNOMIAL AND OTHER APPROXIMA-
TIONS TO ANALYTIC FUNCTIONS*

BY
HILLEL PORITSKY Y

PArT I. INTRODUCTION

1. The Lagrange interpolation polynomials. This paper deals largely with
certain polynomial approximations to analytic functions of a complex vari-
able, that are somewhat analogous to the Lagrange interpolation polynomials.
The latter, it will be recalled, are defined as follows:

Given an analytic function f(z) of the complex variable z, and a set of #
points z=ai, as, - - -, @., the corresponding Lagrange interpolation poly-
nomial is the polynomial of (#— 1)th degree at most, which, in case no two of
the a; are equal to each other, agrees with f(z) at the points z=a,,z2=a,, - - -,
z=a,, while if some of the a; are equal to each other, it is the limit of the
Lagrange interpolation polynomial corresponding to # points a/ that are all
distinct and are allowed to approach the points a; respectively. In the latter
case, if (say) a, occurs just #, times in the sequence a4, as, - - - , @,, the corre-
sponding Lagrange interpolation polynomial will have “contact” of at least
order n,— 1 with f(z) at z=a,, that is, its derivatives of order 0, 1, - - - ,#;—1%
will be equal to the corresponding derivatives of f(z) at that point.

These polynomials are among the most familiar approximations to func-
tions of a real or complex variable, and general theorems are known which
prove their convergence to f(z) as # becomes infinite, for properly restricted
points a1, @s, - « - , @, - - - .§ The most familiar instance of these polynomials
is undoubtedly the case when all ¢; have a common value a, since the La-
grange polynomials corresponding to the first # terms of the sequence
a1, @y, - -+ , @y, - - - NoW reduce merely to the first #» terms of the Taylor ex-
pansion of f(z) about the point z=ga; the discussion of the convergence of the
polynomials to f(z) belongs to the elements of the theory of functions of a
complex variable. One other case where the convergence problem may be

* Presented to the Society, August 29, 1929, and December 27, 1929; received by the editors
June 22, 1931.

1 Part of the work of this paper was done while the author was a National Research Fellow at
Harvard University.

1 By a derivative of order 0 will be understood, as usual, the function itself.

§ In this connection see Bieberbach’s article in the Encyklopidie der mathematischen Wissen-
schaften, II C 4, §59.
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treated with equally definite results is the case where the points ¢; recur in
groups of (say) m members: a;=g; for 7= (mod m). The sequence of the re-
sulting Lagrange polynomials turns out to be essentially equivalent to an ex-
pansion of f(z) in a series of powers of [(z—a1)(3—az) - - - (z—am)] with co-
efficients that are polynomials in z of degree at most m — 1. Such expansions
have been investigated by Jacobi and others.* They may be shown to con-
verge to f(z) in the largest region |(z—a:)(z—a) - - - (3—a,) | <constant, in
which f(2) is analytic.

2. The polynomials P,(z). The approximation or expansion problem to
which Parts II, III of this paper are devoted is somewhat similar to the ap-
proximation problem by means of the Lagrange interpolation polynomials for
the case of recurrent series a;, @, - - -, just mentioned.

Consider first two fixed points, a1, az; a1 @,. A unique polynomial, P; ,(z),
may be shown to exist of degree 2n— 1 at most, and such that

(12-") P;Z.:t)(al) = f(zl)(al)) sz-:l)(‘h) = f(h)(aﬁ) (7' =0,1,---,n— l) .
The polynomial P, .(z) resembles the Lagrange interpolation polynomial
corresponding to 2% terms of the recurrent sequence @i, a2} a1, @.; - - - in that
certain of its derivatives at a, and ¢, agree with the corresponding derivatives
of f(2); the orders of these derivatives, however, differ in the two cases. For
the above Lagrange interpolation polynomial the derivatives are of order
0,1,---,n—1;for P, , they are of order 0, 2, - - - , 2n—2. Now in spite of
this apparent similarity in definition, it will appear later that the convergence
properties of P, ,(z) are radically different from those of the Lagrange inter-
polation polynomials corresponding to the sequence ai, az; a1, az; - - - . Thus,
the latter still exhibit a Taylor-like type of convergence in that they converge
to f(z) within the largest of a proper set of open regions (namely, the regions
|(z—a1)(z—a2) | <constant) within which f(z) is analytic; the former poly-
nomials, P, .(z), however, may not converge to f(z), or even may fail to con-
verge altogether (with the possible exception of a countable set of points),
even in case f(z) is an integral function. Thus, for example, if a;=0, g, =,
f(z) =sin 2, the polynomials P, ,(z) obviously reduce to zero identically, and
consequently converge to f(z) only for z=mm, where m is an integer. Again,
if with the same values of a,, a; we put f(z) =sin kz, where k is not an integer
and in absolute value greater than unity, then it turns out (see §11) that as »
becomes infinite P, .(z) diverges for all z except z=m. It is thus obvious that
evenforintegral (entire) functions, further conditionsarenecessaryinorderthat

(22) Lim P2.(2) = f(2).

* See Montel, Lecons sur les Séries de Polynomes, Paris, 1910, pp. 47, 48.
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The first of the above examples, f(z) =sin 2, constitutes in a sense the
limiting function between the set of functions for which (2;) holds and those
for which (2,) fails to hold. More precisely, for a, =0, g, =, a sufficient condi-
tion for the validity of (2.), presently to be stated, is that the mode of increase
of |f(2) | as |z| becomes infinite, should be less than that of |sin z].

Consider next m fixed points, a1, @, - - -, @m, no two of which are alike,
and determine a polynomial P, ,.(z),n=1,2, - - -, of degree mn —1 at most,
such that

(In)  Pan(a) =f(a)  (G=0,1,- -, n—=1;7=1,2,---,m).

The polynomial P,,,, has mn available constants, while the above equations,
requiring that its derivatives of order 0, m, 2m, - - - , m(n—1) at the points
ai, - - -, a, agree with the corresponding derivatives of f(z), impose mn linear
conditions on P, .(z). These conditions may be shown to be linearly inde-
pendent; hence a unique polynomial will be determined for arbitrary values
of the right hand members of (1,.,.). The existence and uniqueness of P, » is
thus manifest.

For m =1 the polynomial P,, ., as well as the Lagrange interpolation poly-
nomial corresponding to the sequence of # terms ay, a4, - - -, a1, both reduce
to the first # terms of the Taylor expansion of f(z) about z=a,. From m =2,
the polynomials P, , have just been discussed and their similarity to and
difference from the Lagrange interpolation polynomials corresponding to the
recurrent sequence a;, ds; @i, dz, - - - pointed out. Likewise the latter poly-
nomials corresponding to the recurrent sequence of mn terms, ai, a,, - - -
Qm; -+ * ;G Qs - - -, Gn resemble the polynomials P,. . in having # deriva-
tives at each of the points a4, gz, - - - ,-a. equal to the corresponding deriva-
tives of f(z). The order of the derivatives again differs in the two cases with
corresponding profound differences in the nature of the convergence of
P, .(2) and conditions in order that
(2n) 3_1{1: Pun(2) = f(2).

3. Sufficient conditions for the validity of (2,). Necessary conditions.
Functions of a very simple type and for which (2,.)(m > 1) fails to hold for a
general value of z, may be obtained by considering the system consisting of
the differential equation

(3n) d™u(z) /dz™ — Amu(z) = 0
and the “boundary conditions”

(4) u(a;) =0 (i=1,2,---,m).
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The set of characteristic parameter values, that is, of values of N for which
the above system possesses a non-trivial solution, or a solution not identically
zero, is readily shown to coincide with the (non-null) set of roots of a certain
integral function. Any non-trivial solution of (3..), (4,) obviously consti-
tutes an example for which (2,) fails to hold for a general value of 2, since
P, .(z)=0.

Now these characteristic values are also of interest in another connection.
Thus, sufficient conditions in order that (2,) hold for all z are the following:

1. f(z) is an integral function of z;
2. f(z) satisfies the relation

(5n) f() = 0(e*!1), k < pm,

where £ is a constant, and p,, is the absolute value of those characteristic
parameter values of (3.), (4,) which are nearest the origin of the N-plane.
For m =2 the characteristic values of (3..), (4») which are nearest the origin
are given by N2= —=?/(a—b)?, the corresponding non-trivial solutions of
(32), (42) being given by sin [r(z—a)/(a—b)] in each case. This will be recog-
nized as the example used in §2 for the case ¢ =0, b=7. For m =2 the suf-
ficiency of the conditions is shown in Theorem 1; for m =3 in Theorem 10,
and the latter proof applies with little modification to any m.

We shall refer to an integral function f(z) that satisfies a relation
f(2) =0(e*'#) for any constant k < p, but for zo constant 2> p, as a function of
“exponential type” p. The sufficient conditions just mentioned amount to re-
quiring that f(2) be of exponential type less than p,n.

From the consideration of a non-trivial solution of (3..), (4m) correspond-
ing to a characteristic value of N\ that is nearest the origin, it will be shown
that in (5..) o cannot be replaced by any larger value without incurring the
failure of the conclusion for some functions f(z). Consequently the above
sufficient condition is the best possible one of its type. Nevertheless, this con-
dition is not a necessary one. Thus, it is shown in Theorem 2 that, if the func-
tion f(2) is odd about (a:+4a:)/2, that is, if

(50 - (23,

then (2,) will hold for all z provided that f(z) is merely of exponential type
less than 2p,. Likewise, for m >2 condition (5,) may be replaced by more
lenient ones for special types of functions (§16).

For m =2 condition (5,,) becomes

f(z2) =0(e*=)), k < x/| ay — as] .
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Itis of interest to point out that this condition is precisely the condition under
which a theorem of F. Carlson* assures us that an integral function that
vanishes at all the points congruent to ¢, (mod (a;—a;)) must vanish identi-
cally. A connection, though a somewhat superficial one, between the two sets
of results may be seen in the fact that, as pointed out above, there exist
functions for which P, .(z) diverges everywhere with exception of the points
congruent to a; (mod (a:—a»)); as regards convergence of Py .(z), these points
thus appear to play a réle analogous to that of the origin in a series of powers
of z, and are thus somewhat on a par with a, and a.f

The general question of the validity of (2,,) may obviously be separated
into two parts: first, does the sequence P .(2z) converge at all?; second, if it
converges for a proper point set, does it converge to f(z) there? To answer the
first question, the nature of the convergence of P .(2) or of their equivalent
series, for arbitrary values of f%™(a;), the right hand members in (1,,,), is
studied in §§9, 10, 17. It is shown that for m =2 the series in question either
converges for all z, or diverges for all z with the possible exception of a count-
able set of points with « as its only limit point, depending upon whether the
sums

g- D[ (a) + 7¢9(a) ] [(ar — az) fx]e,

i(— D[ (ar) — o™ (ay) ][(a1 — a5)/(2m) ]

n=0

both converge or not (Theorem 6). In the former case P;,.(z) approaches a
limit uniformly in any finite region, and the limiting function is integral and
may be broken up into a sum of two functions, respectively even} and odd

* In this connection see G. H. Hardy, On two theorems due to F. Carlson and S. Wigert, Acta
Mathematica, vol. 42 (1920), p. 328. In Carlson’s theorem the inessential restriction a;=0, a;=1is
made. See also P. L. Srivastava, On a class of Taylor’s series, Annals of Mathematics, (2), vol. 30
(1928), p. 39, where the same conditions are employed.

t This suggests that an approximation problem that is more vitally connected with the problem
of approximating by means of P, than the Lagrange interpolation polynomials corresponding to a
sequence of recurring points (mentioned in §§1, 2) is the problem of the Stirling interpolation series.
The latter, it will be recalled, is equivalent to the sequence of polynomials of degree 2x, which agree
with the function at the points —#, —n-+1, - - - | n. This problem has been treated among others
by N. E. Nérlund in his Le¢ons sur les Séries d’'Inter polation, Paris, 1926, Chapter II. Nérlund derives
necessary conditions, as well as sufficient conditions, for the convergence of these interpolations to
f(2); these conditions are in the form of inequalities on l f rew)| for various 6. No use has been made
of such inequalities in this paper, though it is likely that an application of conditions of this type
would prove fruitful.

1 That is, satisfying £ ate ata,
— tE) =\ )
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about (a:+a,)/2, and of exponential type at most equal to p,, 2p, respectively.
From these conclusions are obtained necessary conditions for the validity of
(2;) (Theorem 7), and these conditions turn out to be almost sufficient (The-
orem 8).

Analogous results are also established for m >2 (Theorems 11a, 11b, 12),
subject, however, to a slight restriction concerning the location of the charac-
teristic values of (3..), (4..). No analogue of Theorem 8, however, has thus far
been found. The somewhat greater completeness of the results for the case
m =2 is due to the fact that many familiar notions (among them, evenness
and oddness, simply periodic functions) which can be utilized for m =2 do not
admit of immediate and obvious generalizations for higher values of m; also
to the greater familiarity of the various functions encountered in the discus-
sion. For these reasons the case m =2 has been dealt with separately in Part
11, while the case m =3 is dealt with in Part III in a manner which immedi-
ately generalizes to higher values of m.

4. The method of proof. Other expansion problems. The procedure em-
ployed in proving the above results is not without interest in itself. The proof
of the sufficient conditions is obtained by making use of certain properly de-
fined “Green’s functions” G,.:(z, s;\),2=1,2, - - - , m, associated with the
system consisting of

(3m) d™u(z)/dz™ — A™u(z) = (— 1)™u(z)
and of (4,,) in such a way that
(62) w@) = X [ Guila, i Ve()as

=1 z

is equivalent to (3./), (4m); here all the variables range over their complex
planes, and the functions #(z), v(z) are analytic.* The Green’s functions G, ;
are not immediately connected with the polynomials P,,,,.; however, the co-
efficients which result from expanding G .. ; in powers of A (or rather of A™) are
very intimately connected with P, .. Thus it is shown that the “remainder”
f(2) —Pn.(2) can be expressed in terms of these coefficients; this is done by
means of successive applications of the formula

(7) f [ (5) + (= D Oum(Jo(3) s = (ot (s
— w()om(s) + - - - + (= 1)<m_1)u(M“1’(s)v(s)]

* These Green’s functions are also shown to be the resolvent system of an integral equation of
the second kind with the same integration pattern as in (6,,).

82
’
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the easily determined asymptotic behavior of the coefficients is then utilized
to discuss the convergence of the remainder to zero.

For m =1 the above procedure is shown to lead essentially to a familiar
way of establishing Taylor’s series (§18). The crux of the difference between
the cases m =1 and m>1 appears in the course of the proof as due to the
fact that in the latter case the Green’s functions are meromor phic in the para-
meter A, while in the former case the Green’s function (there is now only one
such function) is infegral in \.

In discussing the necessary conditions the Green’s functions G;,, are also
utilized. Thus for m =2 it is shown that when 0G;.1(z, 5; N)/05 |smq, is €x-
panded in powers of A2, the coefficient of A\2» (it is denoted by a,_i(z) in Part
II) is a polynomial whose even-order derivatives at a,, g, all vanish, with
exception of the derivative of order 2z at a,, which is equal to unity. Similar
statements are true for 8,_:(z), the coefficient of A?» in 9G: (3, 5; N)/85 |smay,
but with a,, @, interchanged. Obviously one may express P, ,(z) in terms of
a.,, B, thus:

n—1
Pyn(2) = Eo[ﬁ‘(al)ae(z) + f*¥(a2)B:(3)].
Again the asymptotic behavior of a.(z), B.(2) is determined from the nature
of the singularities of their generating functions on the circle of convergence
and beyond. This aymptotic behavior is utilized in investigating the nature
of the convergence of P, .(z), and in deducing necessary conditions for the
validity of (2,). A similar procedure is followed for m >2.

The methods of proof used are highly suggestive and may be applied to a
variety of approximation problems. Some of these are discussed somewhat
briefly in Part IV, but no attempt is made to formulate a general theory for
the present. Among the problems discussed are the following:

1. Approximations by means of solutions of certain linear differential
equations with constant coefficients, where the approximating function is
chosen so that its even-order derivatives of a sufficient order at two points,
a1, a2, are equal to those of f(z). These approximations are suggested by ex-
panding the Green’s functions G:,; connected with the polynomials P; .(2)
about an arbitrary value of A, Ny, not a pole of G;,:. For A\ =0 these approxi-
mations reduce to P, .(z) (§19).

2. Expansions suggested by means of the Laurent expansion of the
Green’s functions (of a proper system with a parameter) about a pole of the
parameter (§20).

3. Certain boundary value expansions of functions of »n (real) variables
(§22). These expansions are the #n-dimensional analogues from a certain point
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of view of the approximations of one real variable by means of the poly-
nomials P, .

The last one of the above expansions is similar to the boundary-value ex-
pansions considered by the author in a paper entitled On Green’s formulas for
analytic functions.* In these expansions an analytic function of several real
variables in a given region is expressed in terms of the boundary values of its
iterated Laplacians and their normal derivatives. The present paper had its
origin in the attempt to eliminate the normal derivatives and express an
analytic function over a given region in terms of the boundary values of the
iterated Laplacians only. The representation obtained in this way generalizes
the familiar expression of a harmonic function in terms of its boundary values
by means-of Green’s function. However, throughout most of this paper we
have confined ourselves to functions of one variable only, but have allowed
it to range over the whole complex plane.

It is suggested that for a first reading Part III be omitted, in view of its
formal complexity.

ParT II. THE POLYNOMIALS P, ,(3)

5. Introduction of the polynomials a,(z), 8.(z) and of the Green’s func-
tions A(z,s;\), B(z, s;\). Throughout Part IT'we shall denote a,, a; by a and
b respectively.

It will be recalled that the polynomials P, .(z) are uniquely determined
by means of the conditions (1,,,) which equate at z=a, 2=0 those even-order
derivatives of P, ,(z) that do not vanish identically, to the corresponding de-
rivatives of f(z) at the same points. Suppose now that we replace all the
right hand members of (1,,,) by zeros with the exception of f2*~2(a,), re-
placing the latter by 1. The resulting polynomial P, , we shall denote by
a,-1(2); from equations (1;,,) it follows that its degree is at most equal to
2n—1. Now since its (2n—2)th derivative takes on two different values at
a and b, namely 0 and 1, respectively, it follows that a.—, is at least of degree
2n—1. Hence it is actually of degree 2n—1. In a similar way we define poly-
nomials 3,_,(2) as the polynomial of degree 2z —1 at most whose even-order
derivatives vanish at z =g, z=0 with the exception of the (2 —2)th derivative
at b, whose value is 1. In terms of the polynomials a.(z), 8.(3), as pointed out
in §4, we may express the polynomial P, .(z) as follows:

n—

Po(®) = S I(@as) + D8]

=0

* Presented to the Society, December, 1928.
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It will sometimes be necessary to exhibit the fact that the polynomials
P, .(3), a.(3), Ba(2), in addition to depending upon z, also depend upon a and
b. Where this is the case we shall denote them by P, .(a, b; 2), a.(a, b; 2),
B.(a, b; 2) respectively. It will often be convenient to make the restriction
a=0, b=n. We shall write 'P; .(3), ‘a.(2), 'B.(2) in place of P, (0, ; 2),
a,(0, 7; 2), B.(0, 7; 2) respectively; likewise we shall precede with a prime the
number of any formula in which ¢ and b have been equated to 0 and .

We now turn to the Green’s functions G:,1, G»,» mentioned in §4, denoting
them, however, by 4(z, s; ), B(z, s; \) respectively. They are defined by
means of the equations

(8) 4z, 5N _ NA(z, 5 N, 9Bz, s;N) _ NB(z, 5 N);
ds? ds?

(9:) A(z, a;)) = 0;

(92) B(z,b;N) = 0;

(95) A(z, 2;\) + B(z, z;\) = 0;

(0 {ae, 553 + B, 0]| = 1.

From (8), (91), (9,) it follows that, for A0, A and B are of the form 4 sinh
A(s—a), B sinh \(s—b) respectively, where 4, B are independent of s. Sub-
stituting in (9s) and (9:) we find that when the resulting linear equations are
compatible their solution is given by

Az, 50) = sinh A(z — b) sinh A\(s — a) )
 sinh Ma — b)
sinh A(z — @) sinh A(s — b)

A sinh A(a — b)

(10)

B(z, s;\) = —

It will be abserved that A= +#nwi/(a—bd), n=1,2, - - -, are (for general
values of z and s) poles of 4 and B. Now it is precisely for these values of A
that the system (8), (9:) is incompatible. The case A =0 still remains to be
examined. It is readily seen that, for this value of \, (8), (9;) possess a unique
solution which is equal to the limit approached by the right hand members of
(10) as A approaches 0. With 4 (z, s;0), B(z, s; 0) defined as equal to this limit,
A and B are analytic at A=0.

As pointed out in §4, the functions 4 (z, s; \), B(z, s; \) naturally arise in
connection with the semi-homogeneous system

(32) d*u(z) /dz* — Nu(z) = o(3),
(42) u(a) = 0, u(b) = 0,
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where we suppose that »(z) is a given analytic function, and #(z) is sought
analytic. It is easily verified that for values of A which are not poles of 4, B,
the homogeneous system (3;), (4;) possesses only the solution #(z) =0; hence
that the solution of (37), (4»), if it exists, is unique; and that

(62) u(z) = j:a A(z, s; No(s)ds + be(z, s; No(s)ds,

where the integrations are carried out along any paths joining the end points
and lying in the region of analyticity of v(z), furnishes such a solution.

In the real domain, that is, for @ and b real (¢ <b), v(2), »(z) functions of
the real variable z for a <2<b of class C° C’’ respectively, the Green’s func-
tion G(z, s; N) of the above system is commonly defined by means of condi-
tions “adjoint” to those of (8), (9;), or by means of the integral representation
u(z) =f:G(z, s;N)o(s)ds. Thus, for real valuesof zand s, G=—A4 fora<s=<z,
G =B for z=5<b. Our departure from the conventions will prove convenient
when it comes to the applications in the following sections.

6. Expansions of the Green’s functions in powers of \. Expression of the
remainder f(z) — P .(2) in terms of the resulting coefficients. Of particular in-
terest in connection with the polynomials P, .(z) are the coefficients that re-
sult when 4 and B are expanded in powers of A. From (10) it is obvious that
4 and B are even functions of A, analytic at the origin in the A?-plane, and
that the singularity of each that is nearest the origin is at A\?= —x2?/(a—b)2.
They may therefore be expanded in powers of A2, the resulting expansions
being valid for |\ | <=/ |a—b]:

(11) A(z, 550 = 2 N4.(z,5), B(z, 55N = X, A"B,(3,5).
n=0 n=0

If we now substitute these power series in (8), (9;) and compare coefficients
of like powers of A? on both sides of the resulting equations, we deduce the
following properties of 4, and B,:

(12) 824.4(3, 5) {O forn = 0, 9?B,(z, 5) {0 for n = 0,
ast  \Aui(z, s) forn >0, 92 \Bu_i(z, s) forn >0,
(131) An(zy a) =0,
(132) B”(z) b) =0,
(133) A"(z; Z) + Bﬂ(z: z) =0,
i} 1 forn =0,
13 - An ) Bﬂ ) =
(13, as[ (9 + Bz, 9] a=z {Oforn > 0.
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To show the connection of all these Green’s functions with the problem at
hand we shall now apply the formula

(72 ["Mmmg—wmmow=u@ws—w®mﬂf

between the limits z and a to the pairs of functions f(s), 4o(z, 5); f''(s),

Ai(z, s); - - -5 fO(s), Aa(z, s), letting f29(s) take the place of u(s) and
choosing a pa,th of integration that lies inside a region in which f is analytic,
and is the same for all the #+1 integrations. Adding the resulting equations
and making use of (12) we get

- j:af(2n+2)(5)A,,(z, s)ds = Zf" () ———

=0

94 (21 5) _ f(“H)(S)A.'(Z, s)]Pa

8=z

If now to this equation we add the equation

_ f bf(2n+2)(s)Bn(z’ $ds = Zfa.)()a (z’ ) — jain(s) Bz, s)]

=0

s=b
8mZ

obtained in a similar way by applying (7;) to the pairs of functions f(s),
Bo(z, s); - - - ; f@(s), Aa(z, s) between the limits z and b, and simplify the
right hand member by means of (13;), we obtain, on transposing,

/6 = 3 [reow?ies) Bors) ]

(14) 1m0 .
[ oo i + [ e BG, as.

) I + 1a0(s)

Putting in place of f(3) in (14) the polynomials a.(2), B.(2) we come out with

(152) wn(z) = -"-A—(i—)

§=a

6B”(z, 5)

(152) Ba(2) =

s=b

Hence we may write (14) in the form
a b
(1) 16) = Pawii) = [ om0 as(s, 9as + [ 100429 B.(a, 9.

The connection of 4,, B, with the polynomials a.(2), B(3), P2.(3) is now
obvious.

The fundamental formula (16) shows that 4.(z, s), B.(z, s) constitute the
Green’s functions-of the system
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d2n+2u(z)/dz2n+2 = v(z),
u(a) = w"(a) = - - = u®(a) = u(d) = v'(b) = --- =v"-m»(d) =0.

For if we replace either member of (16) by «(z) and put »(s) in place of
en+2(5), equation (16) shows that

u(z) = £ uA,.(z, s)o(s)ds + j: bB,.(z, s)v(s)ds

furnishes the solution of the above system.
Applying this to the case n =0 we see that the system
15 — g"(z) = \2h(3),
h(a) — g(a) =0, h(b) — () =0

is equivalent to the integral relation
a b
h(z) = g(z) + )\2[ f Aoz, s)h(s)ds +‘f Bo(z, s) h(s)ds].

If, however, we write the differential equation of the last system in the form
K'(z) — g"(2) — N[h(2) — g(2)] = N%g(2),

the system becomes of the form (37 ), (4:) of the preceding section; for X not a
pole of 4 (z, s;\), B(z, s; \) the system is therefore equivalent to

h(z) = g(2) + )\2[ j;a A(z, s; N g(s)ds + LbB(z, $; )\)g(s)ds].

Comparing the two integral relations obtained we see that A(z, s; N),
B(z, s; \) constitute the resolvent system corresponding to the kernel system
Ao(z, 5), Bo(z, s). The characteristic values of the parameter of the first in-
tegral equation are precisely the poles of the resolvent system and furnish the
parameter values for which the homogeneous system obtained by putting
£(2) =0 has non-trivial solutions.

Finally, we point out the equations (17;), whose validity for |\|<
7/ |a—b | follows from (10), (11), and (15):

8A4(z, s;N) sinh )\(z ) *
1 S = Ang,(2),
( 71) Js —a sinh )\(a - b) ,E * (Z)
dB(z, s;\ h\
(17,) _(z 53N _ sinh \(z — _ Z)\“ﬁn() .

as a=b " sinh e — b) w0

* From this it is seen that d%a,(s)/ds? is equal to a._i(z) for n>0, and to O for »=0; similar rela-
tions hold for 8.(z).
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7. Asymptotic formulas for 4,, B,, a,, 8.. In this section we shall estab-
lish certain asymptotic properties of the functions listed in the title, for large
n; these properties will be utilized further on. The method used is based on
examining the singularities of the generating functions (11), (17;). It is essen-
tially the method employed by Darboux in his article Mémoire sur I’approxi-
mation des fonctions de trés-grands nombres etc.* We shall confine ourselves to
the special case =0, b ==. The Green’s functions 4, B, 4., B,, correspond-
ing to these values of @ and b, we shall indicate by ‘4, B, 'A4,, 'B,, in accord-
ance with the notation explained in §5.

The functions ‘4, 'B possess simple poles at A= +mi, m=1, 2, - - - .
Direct computation shows that the sum of the principal parts of ‘4 at the
two poles A =mi, N = —mi is equal to

2 1
(18y) :(sin mz)(sin ms))\2 gy .
Likewise

2 1
(18,) - —;r—(sin m3)(sin ms))\2 gy

is equal to the sum of the principal parts of ‘B at A\=mi, A= —mi.t Hence

2 M=1sin mz sin ms
19 "A(z, s;\) — — ————
(19) (o = T T
2 M-l ginmz sin ms

(19,) 'B(z, s;N) +— 2

T m=1 A2 + m?
are analytic throughout |\|<M —e, ¢>0. Using this fact we see that

2 M-lsinmgzsinms

(20) 'A.(2, ), — 'B.(3,5) = (— 1)": >

m=1

+ 0[(M - )—2»]’ >0,

where the order relations for a fixed M hold uniformly for z and s ranging
over any finite part of their planes.

To obtain similar formulas for ‘a.(z), '8.(z) we compute the principal
parts of the generating functions in (17;) by differentiating (19;). We find

m?(n+l)

2 M-1 o3
(1) el = (- Dr = Y L o[(M — O],
T mel m2n+l
2 M1 sinmz
(212)  Bu(a) = (= )— 2 (= D™ ——+0[(M — "], ¢ >0,
T me1 m n+1

* Journal de Mathématiques, (3), vol. 4 (1878), p. 1, p. 377.
1 The latter computation might be avoided by noting that A(z, s; \)+B(z, s; ) is integral in \,
a fact inferred from (8), (95), (94) or directly from (10).



1932] APPROXIMATIONS TO ANALYTIC FUNCTIONS 287

where for a fixed M the order relations hold uniformly in z ranging over any
finite part of its plane.

For a fixed # the above order relations have not been shown to hold uni-
formly in M ; hence no information is gained by letting M become infinite
while # is held fixed. The behavior of the resulting Fourier sine series is not,
however, without interest. For general values of z and s they fail to con-
verge. However, for real values of z and s convergence does take place, and
we have for 0<s,2=7

2 i sin mz sin ms {— 'A(z, s; \) for s £ 2z,

T o N4 m 'B(z, s; \) for s = z,
(=1)» 2 i sin mz sin ms {— 'Ad,(z,s) fors < g,

r 2 ometr 'Bu(z,s) fors = z.*

For a general position of ¢ and & analogous results may be obtained by
effecting in the s- and z-planes a linear integral transformation that sends 0
and = into ¢ and b respectively, and at the same time multiplying X\ by
(b—a)/m.

8. Sufficient conditions for the convergence of P; .(z) to f(z). We shall now
prove

THEOREM 1. If f(2) is an integral function satisfying
(22) (&) = 0(exh), k <x/|a—1b],

then Ps .(z) converges to f(z) for all z, the convergence being uniform in any finite
region.

* These facts may be established as follows. Let 0<s, z< 7 and let

K(z, s)= —'4o(z,5) fors=gz,
'Bo(z, s) for sz,

—'A(z, s; N) for s<3z,

'B(z, s; \) for s=3.

G(z, s; \)= {

Then, from what has been explained toward the end of §6, G(z, s; ) is seen to be the resolvent to
the symmetric kernel K(z, s) in the ordinary sense. The characteristic values of the parameter A2 are
the values A2= —m2x? with (2/7)!/? sin mz as the only linearly independent corresponding character-
istic function in normalised form. Making use of a familiar bilinear form for the resolvent of a sym-
metric kernel (see, for instance, A. Kneser, Die Integralgleichungen, Braunschweig, 1922, Chapter III)
we see that the first sine series in the text is the Fourier sine series of G(z, s; \), and hence infer the
validity of the first equation. The second equation now follows by equating coefficients of like powers
of A? on both sides.
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THEOREM 2. If f(2) is an integral function which is odd* about (a+b)/2, and
satisfies

(23) f(z) = 0(e¥=), k< 2r/|a—b],
then P, .(z) converges to f(z) as in Theorem 1.
Combining these theorems we obtain

THEOREM 3. Let f(2) be an integral function; resolve it into a sum of two
functions, e(z)+o0(2), where e(z) is even about (a+b)/2 and o(2) is odd about
(a+b)/2, and suppose that e(z) satisfies (22) while o(2) satisfies (23); then
P, .(3) converges to f(z) as in Theorem 1.

Using a term explained in §3, the exponential conditions of, say, Theorem
3 are that e(3), o(3) are of “exponential type” less than n/ [a—b |, 27/ |a—b]|
respectively.

It may be remarked at the outset that the constants of the right hand in-
equalities in (22) and (23) may not be replaced by any larger values. This may
be seen for Theorem 1 by considering the example a=0, b=, f(z) =sin z,
already mentioned in §2, and for Theorem 2 by taking the same values of
a and b and putting f(2) =sin 2z.

It will be proved in §11 (Theorem 7) that a necessary condition for the
convergence of P, ,.(z) to f(z) is that e(z), o(z) be of exponential types less
than or equal to p; and 2p, respectively.

The constant 7/ |a—b]| is precisely the same as the constant p; of the in-
equality (52), while the function sin z constitutes in fact the non-trivial solu-
tion of the system (3;), (4;) corresponding to the characteristic parameter
value which is nearest the origin.

To prove Theorem 1 we shall first suppose that a=0, b =m. This will
simplify the formal work. The general case may be reduced to this special
case by means of the linear integral transformation of z mentioned at the end
of the preceding section. As a result of this transformation (22) becomes
equivalent to

("22) f(z) = 0(ex1e), k< 1.

We shall prove that under this condition the remainder f(z) —'P,,.(2) ap-
proaches zero uniformly.

* As explained in §3, a function f(z) will be said to be “odd about a point z=c¢” if it satisfies
f(c+3)=—f(c—2) for an arbitrary z, that is, if all its even-order derivatives at ¢ vanish. Similarly, if
f(2) satisfies f(c+32) =f(c—3), that is, if all its odd-order derivatives vanish at ¢, f(s) will be said to be

“even about z=c¢.”
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Let f(z) =) n-oca2". Applying Cauchy’s integral formula over the circle
|z| =7* and using ('22), we get

| ca| < Cetrfrn,
where £<1 and C is a constantt; and replacing ¢*" /7" by its minimum value,
obtain

| ca| < C(ke/m)m.
Hence

| 7=(0) | < Cni(ke/n),
and, introducing Stirling’s formula,
| 7™(0) | < Cemumtain(2m)12[1 4 O(1/n) |(ke/m)™ = Cn'2k~[1 + O(1/n)];
hence
| f™(0) | < Cntizkm,

A similar inequality
(24) | 7™(2) | < Cntizken

holds for z in an arbitrary finite region, and with the constant C dependent
only on the region but independent of the position of z in it. For from (’22)
follows

| f(z + 2) | < Cerleleris't,

Now the product of the first two factors is bounded if z lies in a prescribed
finite region. Applying Cauchy’s integral over a circle with center at z and
radius z’, and proceeding as above, one arrives at (24).

We now turn to 'A,(z, s), 'B.(z, s) and make use of (20) with M equated
to 2. We obtain

'A.(3,5), — 'Ba(z,5) = (— 1)*(2/x) sinzsins + O[(2 — ¢~2"], ¢ > 0.

Utilizing this result, as well as (24) with » replaced by 2#+-2, in the integral
representation (16) for the remainder f(2) — Ps,.,1(3), we see that for z and s
ranging over any finite regions of their respective planes the integrands in
(16) may be made in absolute value less than a prescribed constant by
choosing # large enough. Hence the remainder approaches zero uniformly in
z as n becomes infinite; the proof of Theorem 1 is thus complete.

* This part of the proof is adapted from Bieberbach, Lekrbuch der Funktionentheorie, vol. 11,
1927, p. 228.

+ Wherever that will lead to no confusion the same letter C will be used to denote different con-
stants in different inequalities.
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Several remarks are of interest at this stage. In the first place it is obvious
that the exponential function of |z| employed may be replaced by any func-
tion of |z], F(|z|), such that

min [F(r) /r*n] = o[1/(2n)!],

where the left hand member represents the minimum of the bracket for all
positive 7 for a fixed integer value of 7.

We next recall again that the conditions of Theorem 1 are the same as
those of a theorem of Carlson regarding functions which vanish at all the
points congruent to a (mod (a—b)) (see §3). A slight connection between the
two sets of results may now be seen from the asymptotic representation (21;).
Putting M =2 we get

'an(2), "Ba(2) = (— 1)»(2/m) sinz + O[(2 — ¢)~2"], ¢ > 0.

Thus the roots of a.(z), 8.(2) approach asymptotically the points congruent
to ¢ (mod (a—1b)). This shows that the latter points are in a sense equivalent
to @ and b, and makes plausible the existence of functions for which P, ,.(2)
converges to f(z) for these points while diverging for any other value of z.
An example of a function of this kind is given in §11.

We now turn to Theorem 2. It will be noticed that the constant figuring
in the right hand member of the second inequality in (23) is twice as large as
the corresponding constant in (22).* Nevertheless, Theorem 2 may be de-
duced from Theorem 1 as follows.

Instead of forming the polynomials P, .(z) corresponding to a, b or
P, .(a, b; 2) suppose we form P;.(a, (a+d)/2; 2z). At z=(a+b)/2, all the
even-order derivatives of f(z) vanish. Hence all the even-order derivatives of
P, .(a, (a+b)/2; z) will vanish at z=(a-+b)/2; this polynomial will conse-
quently be odd about (a+5)/2 and its derivatives at z=b of orders 0,2, - - -,
2n— 2 will be equal to the corresponding derivatives of f(z) at the same point.
Therefore for the odd functions in question

P, .(a,(a + b)/2; z) = Pg_,.(a, b;2).

Applying Theorem 1 to the polynomials on the left we get the result desired.
For the sake of the analogues of Theorem 2 in Part III (Theorems 11a,
11b) we point out that the conditions of this theorem are equivalent to

* This, of course, has been rendered possible only by restricting the range of functions to func-
tions odd about (a+b3)/2.
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27
1. f(Z) =0(6 I‘I), k <W,
2. f*(a) + f27(b) = 0 (n=0,1,2,---),
3. j;bf(s) sin%ds=0.

This may be shown by breaking up f(z) into a sum of two functions, one
of which is even about (¢+05)/2 and the other odd, and proving that as a
consequence of the above conditions the even component must reduce to
zero. Since the odd component satisfies condition 2 automatically, the even
one must. Hence its even-order derivatives at @ and b vanish. Consequently
it is periodic of period 2(a—b). As a consequence of condition 1 and its peri-
odicity, it may be shown to reduce to

w(z — a)

a—b

C sin

(see proof of Theorem 8 in §11). Finally, condition 3 reduces C to zero.

It is of interest to point out that Carlson’s theorem possesses no extension
forming a counterpart of Theorem 2 for functions which are odd about
(a+b)/2, since there exist functions satisfying the conditions of Theorem 2
which vanish at all the points congruent to ¢ (mod (¢— b)) without vanishing
identically. An example of this kind is given by =0, b=, f(3) = [(/2) —z]

sin 2.

9. Convergence of the series _[cnotn(2) + d,8.(2)] for special cases. The
theorems of the preceding section give sufficient conditions for the conver-
gence of P;,.(z) to f(2) or for the validity of

&) = LI (@ale) + ro(0)8.()].

n=0

As pointed out in §3, the question of the validity of this equation may con-
veniently be broken up into two parts: first the question of convergence
merely; second, the question of equality of the limit to f(z). To answer these
questions we shall consider a series D_»o[c.a(2) +d.B.(2)], where c,, d, are
arbitrary constants, and examine the convergence of such a series and the
nature of the sum function. In this section we shall only consider certain
special cases covered by Theorems 4 and 5, reserving the general case for the
following section.
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THEOREM 4. The series

(25,) éenan(z) ,
(25) icnﬁn(z),

ne=0

(25) Peulan(s) + ()]

n=0

either converge for all z, or else diverge for all z with the possible exception of
some or all of the points congruent to a (mod (a—b)) depending upon whether
the series

(26) 2(= Dreal(a = B) /]

n=0

converges or not. In the former case the series (25;) converge uniformly over any
finite region of the z-plane to integral functions c\(2), c:(3), cs(2) respectively, of
exponential type at most equal to w/ |a—b |, that is, to functions c(z) satisfying

(27) ¢i(2) = O(e*!=") for any k > n/| a — b| .
THEOREM 5. The series
29) Senlan() = £u(2)]

either converges for all z, or diverges for all z with the possible exception of all or
some of the points congruent to a (mod (a—0b)/2) depending upon whether the
ies

(29) g— 1)7ca(a — 8)/(2m) oo

converges or not. In the former case (28) converges uniformly in any finite region
to an integral function c(z), odd about (a+Db)/2, of exponential type at most
equal to 2w/ |a—b |, that is, to a function c(3) satisfying

(30) c(2) = O(e*1*)) for any k > 2x/|a — b]| .

To prove Theorem 4 consider first the series (25;) for the special case
a=0,b=m:

(1251) ch'an(z)’

and suppose that it converges for a value 2, of z, different from nx, n= - - - |
—-1,0,1,2, - .. Recall the asymptotic representation
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'an(z) = (— 1)"(2/7) sinz + O[(2 — ¢)=2"], ¢ > 0,

employed in the preceding section. From it we conclude that ‘a,(z0)(— 1)
approaches (2/7) sin 2,70 as # becomes infinite. Hence and because the
series ) _c,a,(20) converges, it follows that the coefficients ¢, are bounded. If,
therefore, we break up (’25,) into >_(—1)*(z/w)c, sin 24+ .¢,0[(2—e€)~2*],
choosing €< 1, the latter sum will converge absolutely and uniformly in any
finite region of the z-plane. Consequently, from the convergence of ('25,) for
z =3, follows the convergence of ) (—1)"c,.

Conversely, if D_(—1)"c, converges, the constants ¢, are bounded, and
each of the two sums into which (’25,) has been broken up is seen to converge
uniformly. Since the convergence is uniform over any finite region, the limit
function 'c,(2) is an integral function of z.

To complete the proof of Theorem 4 for the series ('25,) it remains to
show that

("27) ‘c(2) = O(e*!),

where £ is any constant greater than 1. To that end we shall express the sum
of the first N+1 terms of ('25,) as a contour integral in the A2-plane.

From (17,) it follows that
1 sinh \N(z — =) d(A?)

ls) = = 2rid,  simhar ()t

where the integration is carried out in the N2-plane over a closed path v.that
goes once around the origin in a positive sense, but fails to enclose the points

N=—1, —4, —n?, . We may therefore write
ul sinh Mz — )
/ = — —_ 3 — A2
gc,. an(2) f sinh A ()\2 + + -+ )\2N+2) d(x?).

Suppose, however, that we replace the path of integration by the circle
[\2| =%2, 1 <k <2; the values of both members of the last equation will then
alter by an amount equal to the residue of the integrand at the pole A2= —1.
Since —sinh A(z—)/sinh Ar— (2/7)(sin 2)/(1+\2) is analytic for [\?|<4
(see §7), this residue has the value (2/7) sin z[co—ci+ - - - +(=1)¥cy].
Therefore

sinh Nz — 7) fco @
ZCnan(z = fx"=k2 - . (; + ; + i X2N+2>d( 2)

=0 21 sinh Ar

2
+ —sinzleo — e+ - - -+ (= D¥ey].

™
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Now since we are dealing with the case where ) (—1)"c, converges, the
bracket above will converge as N becomes infinite, to a proper limit v,. Con-
sequently the power series in 1/A2, co/A2+ci/N+c;/N+ - - - converges at
least for |\?|>1 to a certain analytic function of 1/X2, ¢(1/A?). If therefore
we let N become infinite, the integrand on the right will converge uniformly
over the circle of integration, and we shall get, in the limit,

1 sinh \(z — = 2
'e(z) = —; f - —““S—) o(1/2)d(\) + e sin z.
2w sinh A T
Denoting by M the maximum of |¢(1/A?)/sinh Ar | for |\ | =k we have along

the circle of integration |\?|=%2,

| sinh A(z — m)¢(1/A?)/sinh Ar | < M | sinh Mz — ) |
=< Msinh| Az — 1r)| = Msinh(k| z — 1r|),
and hence

|'a(2) | = E*M sinh (k| z — x|) + 2| vosinz| /x.

From this the existence of a constant C for which |’cl(z) |<Ceklzl holds is
obvious. ("27) has thus been proved for values of k# between 1 and 2. Hence
the proof of Theorem 4 for the series ("25;) is now complete.

Still confining ourselves to the case ¢ =0, b =7 we may prove Theorem 4
for the series (25;), (25;) in a similar fashion. The general case of arbitrary
a and b (for all three series (25;)) may be reduced to the case =0, b= by
means of a proper integral linear transformation of z.

To establish Theorem 5 we may employ the asymptotic representation

'a(2) — 'Bu(3) = (— 1)"(4/7) sin (22/22*+1) + O[(4 — 2], ¢ > 0,

obtained from (21,) by putting M =4, and proceed as above, choosing, how-
ever, for the path of integration a circle [A2| =#2, 2<k <3. An easier proce-
dure, however, is to make use of the relation

an(a, b;2) — Ba(a, b; 2) = an(a, (a4 0)/2;2)

by means of which series (28) is converted into a series of type (25,); Theorem
5 now follows by an application of Theorem 4. The truth of the above relation
may be rendered obvious by evaluating the even-order derivatives of the left
hand member at z=a, 2= (a+b)/2, at the latter point making use of (17;).

As a consequence of the uniform convergence of the series (25;), (28), it
follows that they may be differentiated term by term, and hence that the
even-order derivatives of the sum functions at z=a, z=0 are equal to a
proper coefficient ¢, or to 0.
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10. Convergence of the series Z[c,,a,.(z) +d.B3.(2)] in the general case. We
shall now consider the series in the title for arbitrary coefficients and prove

THEOREM 6. Consider the series
(31) 2 [enen(2) + duBa(2)].
n=0

If the two series

(32) (= D)(en + d2) [(@ — 8)/n) ]2,

(325) gfo(— 1)(cn — ) [(a — 8)/(2m) o

both converge, then the series (31) converges uniformly in any finite region, and
may be broken up into the sum of

(33) g)(cn + d) (@ + 8:9)1/2,
(33) z< — 1) [wls) - B.3)]/2,

both series converging uniformly to sum functions respectively even and odd about
(a+0)/2 and in turn satisfying the relations (27) and (30) of Theorems 4 and 5,
that is, of exponential types at most equal to / |a—b |, 27/ |a—b |

If the two series (32;) are not both convergent, then (31) diverges for all z with
the possible exception of some or all of the roots of

(34) sin [r(z — 0) /(a — ) {cos [x(z — @) /(a — ) ] = cos [x(21— @) /(a — B) ]} =0,
where 2, s a fixed point.

As in the preceding section, we may confine ourselves to the special case
a=0, b=, since the general case may be reduced to it by means of a proper
linear integral transformation of z. Suppose that the series

(31) éc,.faﬂ(z) + 46:(2)

converges for 2 =2, 2 =2,, where 2y, 2, do.not satisfy the equation

‘34
('34) sin 22; sin 22,
We shall write (31) in the form

sinz; sin zs . .
= 2 sin 2, sin 25(cos 22 — cos z) =0,
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(31) TA(en + ) lan(e) + 8] + (e — d) lan(a) — 831} /2.

n=0

As this series converges for z=2,, =2, the nth term must approach zero for
these values of z:

(cn + dn) ['@a(21) + Bul2) ] + (ca = du) ['an(z1) — "Bu(21) ] = e1.n,

(ca + du) Van(22) + 'Bal22)] + (cn — du) ['ta(22) — "Bu(2)] = €20,
where both ¢, and e,, approach zero as #» becomes infinite. We shall con-
sider the above as two linear equations for

(= D™ea+ do), (= D(ca — d) /2%

Upon recalling the formulas (21,), (21,) it is seen that the coefficients of these
quantities approach the proper terms of the matrix

(4/7) sinz, (2/7) sin 2z,
(4/7) sinzy (2/7) sin 2z,

as n becomes infinite. Since the determinant of this matrix does not vanish,
we may, for sufficiently large #, solve the above linear equations for (—1)»
-(¢at+dy), (—1)" (ca—dn)/2%, and conclude that

lim (¢n + dx) = lim (ca — da)/22* = 0.

f— o0 n—wo

Return now to the series ("31’), and, ﬁtilizing the formulas (21,), (212),
write its general term in the form

(="

™

(cn + dn) {sinz + O[(3 — ¢)~2"]}

+ Sl G d"){sin 224 0[(2 — -]}

T 22n+1

Since ¢a+d,, (cn—d.)/2% are both bounded, it follows that the series made
up of these parts of the above terms which involves the O’s, converges for all
finite z. Hence for any z for which ("31’) converges, the series

had n dn
(= )r(en + da) sinz + (= )7 ‘ sin 2z]
ne0 22n+l
will also converge; therefore
had n = dn
E[(— 1) n(c,. + d,.) sin 2, + (—— l)n 622”“ sin 221],
n=0
i Cn — dp
S [(= 1)™(ca + dn) sinze + (— D) o sin 2z,
n=0
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are both convergent. Now multiply these equations by x,, x, respectively,
where %1, x; are the solutions of

2xysin z; + x2sin 2z; = 1,  2x; sin 23 + %2 sin 22 = 0,

and we arrive at the result that > (—1)* (¢,+d.) is convergent. Likewise, by
interchanging 0 and 1 above, one proves that Y (—1)* (c,—d..)/2?" is conver-
gent.

Conversely, if both of these series are convergent, then by applying
Theorems 4 and 5, one proves that the series (33;) converge for all z, and to
functions specified in the statement of Theorem 6.

The restriction on the two points z;, 2z, for which (‘31) cannot converge
without converging everywhere is that (’34) should not be satisfied; that is,
that neither should be at #r, and that cos z; 5 cos 2;. One of them, say z;, may
therefore be chosen at random and 2, may be taken anywhere except for the
roots of cos z— cos 2, =0. These restrictions are thus equivalent to the restric-
tions of the last sentence of Theorem 6.

11. Necessary conditions for the convergence of P; ,(2) to f(z). Examples.
Certain existence theorems. The conditions of Theorem 6 may be used as
necessary conditions in order that P, ,(z) converge to f(z) for all z, by applying
them to the case where in (31) we put c,=f®"(a), d,=f2(b). The result
might be formulated as a special theorem as follows:

THEOREM 7. Let f(z) =e(z) +0(z), where e(z) is even, and o(z) odd about
(a+0b)/2. In order that

(2:) lim Pan(s) = S (@)an(s) + 14(0)8u(2)] = 1(2)

now n=0

hold for all z, it is necessary that
(1) f(2) be integral,
(2) e(2), 0(2) be of exponential types at most equal to / |a—b|, 2w/ |la—b|;
(3) the two series

20(— D [fe(0) + 7] [(a — 8/ ],

if‘ Delfen(a) — 7e0()] (e — 8)/@n)]
both converge.* "~

* At this stage we take the opportunity of correcting an error that has crept into a previous
publication of some of the above results in the Proceedings of the National Academy of Sciences,
vol. 16 (1930), No. 1, p. 84, where the brackets [(a—b)/x], [(a—b)/(2x)] were erroneously replaced
by their reciprocals.
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The converse of Theorem 7, however, does not hold; that is, if f(2)
satisfies the three conditions of Theorem 7, then (2,) need not be true.
For suppose that f(z) satisfies conditions 1, 2, 3, of Theorem 7; the function
f(z)+D sin[(z—a)/(a—b)]+D’sin[2(z—a)/(a—b) ], where D, D’ are arbi-
trary constants, will also satisfy the same conditions and will have the same
even-order derivatives at a and b as f(z). Thus a two-parameter family of
functions will possess the same polynomials P, .(z) and (2;) could hold only
for one member of the family at most. Theorem 8 will show, however, that
this is the only extent to which conditions 1, 2, 3 of Theorem 7 fail to be
sufficient to insure the validity of (2,).

THEOREM 8. If f(2) satisfies conditions 1, 2, 3, of Theorem 7, then P, .(2)
will converge to f(z)+D sin [(z—a)/(a—b)]+D’ sin[2(z—a)/(a—b)] uni-
formly for z in any finite region, where D, D' are proper constants.

That P, .(z) does converge uniformly to a proper limiting function c¢(z)
follows from the convergence of the two sums in the third condition of The-
orem 7 by applying Theorem 6. It also follows from the latter theorem that
we may break up D _[f"(a)a.(z) +f2m(b)B.(z)] into a sum of two series after
the manner of (33,), (33,), these series converging respectively to c.(z), c.(2),
respectively even and odd about (¢+5)/2, and satisfying in turn (27) and
(30). Now the even-order derivatives of ¢.(3) at z=a, =0 are the same as
the corresponding derivatives of e(z). The difference of these two functions is
thus odd about both a and b and consequently periodic of period 2(a—b); it
also satisfies the inequality (27). If then we apply the conformal transforma-
tion g’ =eriz/(a=b ¢(3) —¢,(3) becomes a single-valued function of z’ admitting
no singularities in the z’-plane except possibly for poles of the first order at
z’=0and at 2/ = . Hence

e(z) — ce(z) = C + Cleri—a)l(a=b) 4 (C'g=milz—a)/(a=b),

where C, C’, C'’ are proper constants. Equating e(z) —c.(z) to O forz=a,2=b,
we find that C=0,C’= —C’’. Hence

e(2) — cz) = Dsin [(z — a)/(a — b)].
In a similar way one proves
0(2) — c(2) = D'sin [2(z — a)/(a — b)].

Adding the last two equations we obtain the conclusion of Theorem 8.

It will be observed that the gap between the exponential type conditions
of Theorem 3 and those of Theorem 7 or 8 is filled by functions f(z) for which
one or both of the following hold true:
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1. The exponential type of e(z) isw/ |a—b |.*

2. The exponential type of o(z) is 27/ |a—b|. What can be said of the
convergence of P, .(2) for functions lying in this gap? We shall show by explic-
it examples that for such functions P, .(z) may converge to f(z), or, again,
may essentially diverge. Hence the third condition of Theorem 7 is independ-
ent of the second condition.

Choose a=0, b=, and put f(z) =sin kz, where |k|=1, k1, —1. Ob-
viously the function in question is of exponential type unity. The polynomial
P, . reduces now to sin kr 3_7='(—#2%)i'8:(z). Applying Theorem 4 we see that
the sequence P; .(z) diverges for all z with the possible exception of integer
multiples of 7. On the other hand, if we consider the series D 7_,’a.(2)/n, it is
seen by applying Theorem 4 that it converges uniformly for all z to an integral
function of exponential type at most equal to unity. We shall show that the
exponential type of the limit function is af least unity, and hence is actually
equalto1.

Denoting the limit function by ¢(2), we first observe that

1
c@(0) =—, n>1.
n

Now the exponential type of a function may be expressed in terms of the de-
rivatives of the function at a fixed point. Thus, if f(z) =) ¢.(z— k)" is the Tay-
lor series of f(z) about z = £, the exponential type o of () is given by

(35) o = limsupn|c.|V"/e. t

The limit of the right hand member of (35) for even # is now equal to unity;
hence the exponential type of c(z) is at least equal to unity.

Returning to the previous example a =0, b=, f(z) =sin kz but allowing &
to have any non-integer value, |k | >1, we conclude as above that the sequence
P, , diverges for all z that are not integer multiples of 7. For the latter points
P, .(2) converges and to the respective values which the function in question
takes on there. The proof of this follows at once if at these points we compute
the remainder by means of (16), provided we utilize (20) with an appropri-
ately large M.

We shall close Part IT with a sample existence theorem that follows from
the preceding work.

* That is, =/ | a—b| is the greatest lower bound of values of & for which e(z) =0(e*'#!) holds.
In the theory of functions of a complex variable what we have termed a function of exponential type o
is known as a function of order 1 and type o. See Bieberbach, loc. cit., pp. 227, 228.

t Bieberbach, loc. cit., p. 231. This formula is derived from the second italicized statement on
that page, with the order equated to 1.
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THEOREM 9. If D o (— 1)"c, converges, then there exists a function f(z)
satisfying the following conditions:

(1) f@»(0) =cn;
(2) f(z) is of exponential iype at most equal to 1;
(3) f(2) is either odd about w or even about w/2.

These conditions, moreover, determine f(z) uniquely except for an additive term
D sin z, where D is a constant.

The proof of this theorem consists simply in considering the functions
defined by the series Do ¢o'aa(2), 2 2o Cn['an(z) +'Ba(2) ].
By expanding the function f(z) in a Taylor series and rephrasing Theorem
9 in terms of the resulting coefficients, one obtains existence theorems for
solutions of a proper infinite system of linear equations in an infinite number
of variables. Proceeding in this way with the Taylor expansion of » c.
- ['atn(2) +'B.(2) ] about z— (7/2):
2enl'an(®) + Bu2)] = 2aulz — (x/2)]2/(20)!
n=0 n=0
we obtain, as an equivalent of Theorem 9 for the case in which f(2) is even

about z— (r/2), the following existence theorem:
THEOREM 9a. T ke system of equations
Zxﬂ+m(1r/2)2”/(2” + 2m)' =C(m (m’ = 0, 1: 2, ))
n=0
where Cm, X. are subject to the conditions

0
> (= 1) ™ is convergent,

m=0

limsup | x. | V» <1,

n— o

respectively, possesses the solutions given by
%o =2 D Cm " @mpn(n/2) + D(— )"
m=0
where D is an arbitrary constant, and no others.

That the condition x, is the same as condition 2 of Theorem 9, follows by
the use of (35).
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Part III. THE poLYNOMIALS P, , FOR m>2

12. Orientation of the problem. The situation that arises in connection
with the polynomials P., .(z) for m >2 has been briefly discussed in §3, and
compared with the cases m =2. The sufficient condition for the convergence
of the polynomials P, .(z) for m>2 there described is proved below in
Theorem 10 for the case m =3 and in a manner that requires no information
regarding the distribution and nature of the characteristic values of the
system (3n.), (4m). Such is not the case, however, with regard to the more
delicate questions of the broader sufficient conditions for special types of
functions, analogous to those of Theorem 2, nor with regard to the discussion
of the general nature of the convergence of the polynomials P . or of their
equivalent series.

The characteristic values in question are shown to be roots of a certain
transcendental function of A, but little information concerning the location
and multiplicity of the roots of this function seems available for m >2. Now
as a certain amount of such information is needed for discussing the above
questions, certain assumptions are made in §§16, 17 regarding the roots near-
est the origin, assumptions that amount to confining oneself to the general
case. Thus for m =3, let ui, p2, - - - be the roots in question, arranged in order
of non-decreasing distance from the origin; if it is assumed that |u:| < |u|
and that u, is simple, then it is shown in Theorem 11a that the allowable ex-
ponential type of f(z) may be enlarged to any number less than |u, |, provided
that f(z) satisfy certain auxiliary conditions. Theorem 11b then shows that
one may proceed even further in this direction. Except for the above assump-
tions which confine the discussion to the general case, these theorems form
the complete analogue of the sufficient conditions of Part II for the case
m=2. Likewise the treatment of the general convergence of the polynomials
P; , or of their equivalent series, given in Theorem 12, is as complete as the
treatment of the analogous question for m =2, except that it is confined to an
even more restricted general case. Yet it must be said that the generalization
to cases beyond m =2 is by no means an obvious one, as the case m=2 is
somewhat misleading in its simplicity, and that it required a considerable
search to reveal the facts for higher values of m.

While only the case m =3 is treated at length, it is fairly typical of the
general case of m beyond 2, and corresponding results for any m may be ob-
tained in general by changing the order of matrices and the range of sub-
scripts involved. Whatever features of this generalization are not obvious are
discussed briefly at the end of Part III in §18.

13. The Green’s functions for m =3. We start the treatment of the case
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m =3 by considering the Green’s functions G; (2, s; \), =1, 2, 3, mentioned
at the end of §4; we shall denote them, however, by Gi(z, s; \). They are de-
fined by means of the equations

63Gi(z, s; )\)

(36) T T T NGi(z, 55 N),
(371) G,;(Z, a;; )\) = 0,
Gz, s; N\
(372) __g_____) =0,
as

8=ag

(373) Zs:Gi(z: z; )‘) =0,

i=1

(1) > 2 Gile,5i)

i=1

=0,

8=z

3

62
(375) > B}ZG‘(Z’ 53 N)

=1

=1.

8=2

For A0 solutions of the first three equations above may be put in the

form _
Gi(z, s;N) = Giss[Ma; — )],

where G; are independent of s, and s; stands for the power series
x3n+2

. x? b
ss(x) —z+a+'--+m!+"'

(38)

1
= —3—(6" ..I_ wevs + ngwzz)’ w = e2‘n’/3.

Substituting this form of G in (37s), (37,), (375) we are led to the equations
Giss[Ma:1 — 2)] + Gass[Ma2 — 2) | + Gass[M(as — 2)] = 0,

_ 0 90 - 0
0,5; ss[Ma:1 — 2] + Gza—zss[x(az - 2]+ 635233[)‘(“3 —2)] =0,

_ 0? _ 02 92
G E; Sa[)\<dx - Z)] + G, '@‘Ss[)\(dz - Z)] + 035 Sa[)\(aa — z)] =1,
and solving them in the case the determinant D does not vanish, we obtain

G-(z s: )‘) = is_[)‘__(ﬁ_:ﬂ 53 [)‘(a‘+l - z)] , 53[7\(0.'+2 - z)]
(39 D Py ss[Maipr — 2)] > ss[Mai2 — 2)]

= s3[\(ai — 5)]V:(239)/D,
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where a;=a; for i=4 (mod 3), and N is the two-rowed determinant appearing
in the second member above.

The determinant D is independent of z and s, and is an integral function
of A%. This may be seen by replacing the functions s; in the determinant repre-
sentation of D by the sum of exponentials from (38), whereupon the deter-
minant may be factored thus:

Ma—2)  goh(a—2)  puh(a—2) 1 o w2
A3
D= — —| 2 gorlaya)  g'hara) || ] @2 e
27 .
eMag—z)  pwl(ay—z) e« Mag—z) 1 1 1

eher glwap  plo ’a,

(40) = i\33-3/2| ghay  pway  pha’e,
elas  ghway e)«a:’a,
= iN33-12[53"(NB) — 55" (Ne) ],

where

b = a, + was + w?a3, ¢ = w?a; + wa: + as.

The integral function D=D(X) belongs to the type of function investi-
gated by G. Pélya* and for which he proved the existence of an infinite num-
ber of roots and investigated the distribution of the roots at infinity. Now the
roots, other than 0, of D(\), whose existence is thus assured, are precisely the
set of values of \ for which non-trivial solutions of

(33 d*u(z) /dz® — Nu(z) = 0,
(45) u(a)) = u(a;) = ulas) =0

exist. For, substituting an arbitrary solution of (3;) in the form A4,e*s+ A e+
+Ae*" in (45), we obtain equations the determinant of whose coefficients
is the same as the determinant in (40). It is apparent from (39) that these
roots are (for general values of z and s) poles of the Green’s functions G..

By employing for s; in (39) the power series (38) it is seen that A =0 is not
a pole of G;. The system (36), (37,) is readily shown to possess a unique solu-
tion for A =0; this solution may be obtained from (39) by letting A approach 0.
The use of these power series also shows that for fixed s and 2, G; depend upon
M\ only, as may also be inferred from (36), (37.).

As already mentioned in §4, the name “Green’s functions” for G; is due to
their connection with the differential equation

(35) d*u(z) /dz® — Nu(z) = — 9(2)

* G. Pélya, Geometrisches tiber die Verteilung der Nullstellen gewisser ganzer Funktionen, Miinch-
ener Berichte, 1920, pp. 285-290.
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and the boundary conditions (4s). Thus, for values of A not poles of G; this
system possesses the unique solution

3 Py
(65) u(z) =, Gi(z, s; N)v(s)ds.

i=1 z
That the solution, if it exists, is unique, follows from the fact that the homo-
geneous system (3;), (43) possesses as its only solution the solution %(z) =0.
That (65) is a solution may be verified by differentiation and substitution,
making use of the following properties of G.:

9%G;

= X3G.',
dz°
Gi(aj, s;N) = 0for i # j,
3
(41) ZG.‘(Z, 25 x) =0,
=1

3.0
> —Gi(z,s;x)l =0,
i=1 az ‘a-z

3 02

Z gci(% S5 )‘)

=1

= 1.

=2

The first two of these relations follow from (39) by differentiation and substi-
tution; the remaining equations result from

3
(42) 3Gz, 5;N) = ss[A(z = 5)],
i=1
an equation whose validity is manifest from (36), (375), (374), (37s).
1t follows from the above that the functions Gi(z, s; \) may be expanded
in powers of A3:
(43) Gz, 5;8) = 2L Hia(z, )N,
n=0
these expansions being valid for |\ | <ps, where psis the absolute value of the
roots of D(\)/\® nearest the origin (there are always at least three of them).
By substituting these power series in the various equations satisfied by
G, and equating coefficients of like powers of A3, one derives various properties
of H; ,. For a fixed » the latter may also be shown to be the Green’s functions
of the system d* u(z)/dz*"=v(z), u®?(a;) =0;i=1,2,3;5=0,1, - - -, n—1.
Finally, the functions Gi(z, s; \) may be shown to constitute the resolvent
system to the kernel system H, o(z, s). These statements are proved in a
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manner quite similar to the proof of the analogous statements about 4, B,
A,, B,in §8§5,6

14. Expression of the polynomials a; .(z) and of the remainder f(z) —
P; .(2) in terms of H; .(z, 5). After the manner of §6 we now apply the for-
mula

(1) [ W90 + w9 = 6D = WD) + w909

to the pairs of functions
J(), Hiolz, )5 1(5), Hinlz, 8); - -+ 5 JO7(s), Hinlz, 9),

where 7 has one of the values 1, 2, 3, between the limits z and a;, and over the
same path for all the »+1 integrations. Adding the equations resulting for a
fixed 7, and utilizing the relations

63H.-,n(z, S) {— Hi,,,_l(z, s) forn > 0,

as? o forn =0
which follow from (36), we see that the sum of the left hand members reduces
to [Ufen+3(s)H, .(z, s)ds. Adding the three equations thus obtained for

=1, 2, 3 and simplifying the right hand members by means of the various
boundary value properties of H; , which follow from (37,) we are led to

3., 02 H. ,(z, s)

&) - XY ——

t=1 j=0

= — Z 'H;,,.(z, 5)f@»+3)(5)ds.

i=1 z

fe(ay)

8=y

Now leti=1,2,3;#=0,1, - - -, and let a; .(z) be the polynomial of de-
gree 3n+2 whose derivatives of orders 3j (=0, 1, - - - ) all vanish at z=a,,
@y, a; with exception of the 3nth derivative at z=a;, whose value is 1. The
existence of these polynomials follows from equations (13,.41). They are quite
analogous to the polynomials a,(z), 8.(z) of Part II. We obviously have

Pon(®) = 3 S00(a)aei(2).

j=0 t=1
If we put f(2) = a;,.(2) in the formula derived above, we get
82 H; (3, s)

(44) ain(s) = ————|

S s=a,

and therefore may write it in the form
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3 a;
(45) f@) = Poani(a) = = 20 | Hinlz, 9)7@™9(s)ds.
=1 z
This “remainder” formula is the complete analogue of (16), and will form the
basis of the proof of Theorem 10 in the next section.
From (39), (43), (44) follows the validity of

i 3Gz, s; N) 2N (Az)
46 in(PN? = ———— =———"—; [\ < ps.
( ) ga (Z) 9s? D()\) l l p3

8=a;

15. Sufficient conditions for convergence of P; .(z) to f(z). We shall now
prove

THEOREM 10. If f(2) is an integral function, such that
(47) f(Z) = O(eklzl)’ k< P3,

where ps is the absolute value of the roots of D(N)/\® that are nearest the origin,
then P; .(2) converges to f(2), the convergence being uniform in any finite region
of the z-plane.

We recall that D(\)/\® is an integral function of \* (see (40)) whose roots
coincide with the values of N for which non-trivial solutions of (3s), (4s)
exist. Hence the conditions of this theorem are equivalent to those of §3.

The proof of this theorem is quite similar to that of Theorem 1, and con-
sists in showing that the remainder given by the right hand member of (45)
approaches 0 as # becomes infinite.

First we recall that from (47) follows the inequality

(24) | /() | < Cmvizke,

where z ranges over any finite region, and C is a constant depending upon
that region (for proof of (24) see §8). We then proceed to estimate H; .(z, s)
for large n.

An estimate of H; . which is not as precise as the one obtained for 4., B,
in'§5, but is nevertheless sufficient for the purpose at hand, may be obtained
from the fact that the generating functions Gi(z, s;\) (see (43)) are analytic in
the A-plane inside a circle of radius p; and center at the origin, and for zand s
in arbitrary finite regions of their planes. We have then for z and s as stated,
and |\ | =%, whete £’ lies between p; and the constant k for which (47) holds,

|Gi(z, s; M) | < M,
where M is a proper constant. Hence by applying Cauchy’s integral
| Hin(z,5) | < ME'-3n,
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Combining this inequality with (24) in which » has been replaced by 3743,
we see that by choosing » large enough the integrands in the right hand
member of (45) can be made uniformly small in absolute value for z and s
in finite arbitrary regions. The proof of Theorem 10 is thus complete.

We shall now show that Theorem 10 will not hold if in (47) we replace p;
by any larger value. Let A1, |[\i|=ps, be one of the roots of D(\)/\® nearest
the origin. As explained in §13, there will exist constants C;, C, Cs, not all
zero, and such that

u(z) = Cie"* + Coe™it + Cae™ st
vanishes at z=a,, 2=a,, 2=as. The function %(z) obviously satisfies
u(z) = O(er!#!)

for any constant & greater than |\; | =p;, but the polynomials Pj, formed for
u(2) vanish identically. From Theorem 10 it now follows that %(z) must fail
to satisfy (47).

16. Extension of the sufficient conditions. While for arbitrary functions
f(z), the exponential type conditions of the preceding section are the best
possible ones of their type, by restricting f(z) properly one may replace the
exponential type conditions by more lenient oges. This is analogous to the
situation which obtains for P, ,(z) as portrayed in Theorems 1 and 2.

From the original representation of D(\) as the determinant

| diss[N(a; — z)]/az"l
(see §13), it follows that D is the Wronskian of the three solutions of d*x(z)/dz*
+N%u(z) =0,
ss[\(a1 — 2)], ss[Maz — 2)], ss[M(as — 2)].
Hence the roots of D(\) =0 are precisely the values of X\ for which the
above three functions are linearly dependent:
(48) Diss[M(ar — 2)] + Dass[M(as — 2)] + Dsss[M(as — 2)] =0,

where \, is a root of D(\) and D,, D, D; are constants, not all zero. Differen-
tiating this equation with respect to z, we may solve it and the resulting
equation for the ratios of the two-rowed determinants:
ss[M(aip1 — 2)] ss[Ma(airs — 2)]
a d = Nd\nz
2 oz = 9] L sabulos = 91| 7 ™
9z 9z
(see (39)), and get
(49) Ni(Aa2): N2(M2): Ns(Aaz) = Dy: Dy: Ds.
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It may be shown by expressing s; in form of exponentials that no two of
the functions s;[A(a;—2z)] are ever linearly dependent. Therefore, no one of
the above constants D; vanishes.

Again, no one of the functions N;(Az) ever reduces to zero identically, as
this would imply the linear dependence of s3[(a:11—2) ], s3[A(ai12—2) |. Hence
it follows from (49) that any two of the functions N:(\.2) are linearly depen-
dent.

We shall suppose now that in the A3-plane D(X)/A® possesses only one root,
A, which is nearest the origin, and that this root is simple. The principal
part of G;at \{is

ss[hla: — ) JV(\2) .
(A3 = N9 (dD/dN? | van)’

we shall denote the numerator of this fraction by Gi(z, s) and dD/dN3 |i-»,?
by Cl.

If we expand G in a Laurent series about A%, substitute in equations
(36), (37;) and equate coefficients of (A*—\;?)~! on both sides, we find that
G satisfy the differential equations

6"G.~*1

= — )\13ng1
Js3

(50)

and homogeneous boundary conditions of the type (37;).
From (50) and the last three boundary conditions, follows

(51) zs:G.M(z, 5) = ‘Z‘,sa[xl(a; —5)N:(\z) =0

i=1 =1

identically in z and s, a relation which is also easily inferred from (48) and
(49).
With these preliminaries disposed of, we shall now prove

THEOREM 11a. Suppose that D(N)/\® possesses in the N-plane a single root,
N, which is nearest the origin, and which is simple, and let \® be the root of next
greater absolute value. Let D\, Dy, D3 be the constants for which (49) holds for
)\ =k1.

Sufficient conditions in order that P, .(z) approach (z) as n becomes infi-
nite, and uniformly for z in any finite region, are that

(1) f(2) is integral and satisfies
f(@) = 0(er1), k <N 5
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(2) iD‘f(s")(a‘) =0 ("’ =0,12-.-- );

3) D, f

S3 [xl(dz fand S) ]f(S)dS + D3 f
The last condition is equivalent to

ZS:D,- fu‘sa[)\l(a.- — 5)]f(s)ds = 0.

t=1 z

“ss[as — 9)1f()ds = 0.

First, as regards condition 3, consider

3 6ot 9f()ds = 3 ‘a‘G;M(z, 9f()ds

+ f G(a, f()ds + f " (s, 9(s)ds.

Using (51) and (49) (and since none of the constants D; vanishes) we ob-
tain for the right hand member above

=1V

3 ("6, 91()ds = Nz()\lz)< f :’sa (e — ]f(s)ds
+ l%ﬁj’ss[)\l(az - s)]f(s)ds).

On account of the first form of condition 3, the sum in the last parenthesis
vanishes. Hence

3 a;
2 | GM(z 9)f(s)ds =0
=1 z
identically in 2, and replacing G by N.(\iz) ss[\i(a:—s)] and utilizing (49),
the second form of condition 3 follows. Conversely, by putting z=a, in the
latter form of the condition, the first form is obtained.
We next proceed with the proof by recalling the remainder formula

(49) 10 = Pro@) = = % [ Heals, 9gom(9as,

i=1

here H; , is defined by

(43) Gz, s;N) = D H, (3, s)\3n.
n=0
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Break up G; into the sum of its pnncipal part at \; and a function which is
analytic for [\ | <X\;; let D n_oHi%(2, S)N* be the expansion of the latter
component of G;. We have

H;.(2,5) = Hix,;(z, s) + [G?l(z, S)/Cl(— )\1)3n+3].
Now break up the remainder in (45) into R;+ R,, where

f H, (2, 5)f@n+3)(5)ds,

CiR; = Z f 'G?'(z, s)f“"*”(s)ds/(— )\1)3"“.
i=1 z
Now,
H);',,(z s) = O[(‘ )\2' - e)‘“] e >0,

since X oH:4(z, )N is analytic for |\ | < \.|. From this and condition
1 of Theorem 11a, one may prove, by the same methods as were used for
Theorems 1 to 10, that R, approaches zero as # becomes infinite. We shall
now show that R, vanishes for any ».

To this end apply the same procedure that was employed in §14 to pairs of

functions f(s), H:,o(z, 5);f""'(s), Hi (2, 5); - - - to the pairs of functions
GGz, s) ikl GM(s, s) R 16 10) G2(z, S)_..
f( ) ( xl)s ( ) ( xl)e b f (3), (_ )\1)3""’3

On utilizing equation (50) and the homogeneous boundary conditions of
type (37,) satisfied by G, we obtain a formula analogous to (44):

(3n+3) G2 (Z’ s)
>: 196G 9as = [ O oy ®
- @) (s FGN(z, 9)

- ;gjf ()( ey )

Now Y_i-1/%G (2, s)f(s)ds has been shown to vanish as a consequence of
condition 3. The right hand sum, on replacing G*i(z, s) by s:[Mi(ai—s)]
- N.(\2) and carrying out the differentiations, is transformed into

i S rer(a) N0~ N)s).

Finally, utilizing (49) and condition 2, one proves that for any j, the expres-
sion in the parentheses vanishes. The proof is then complete.
Theorem 11a is not the complete analogue of Theorem 2; by supposing



1932] APPROXIMATIONS TO ANALYTIC FUNCTIONS 311

that f(z) in addition to satisfying the conditions of Theorem 11, also satisfies
proper further conditions, one may still further extend the exponential type
of f(2) and still have P;,, converge to f(z). In this connection we have

THEOREM 11b. Let the roots of D(N)/N® in the N*-plane arranged in order of
non-decreasing amplitude be

AP, AEL NS, - -

and suppose that |\ |< [No| < |\s|, and thai N, and N, are simple roots. Let
D, D,, Dy; DY , Dy , D3 be the constants for which (49) holds for N =Xy, N =X\,
respectively. Sufficient conditions in order that P; ,(z) approach f(z) as n becomes
infinite, and uniformly for z in any region, are that

(1) f(2) is integral and satisfies
f(z) = 0(ek1*), k <| )\3| ;

(2) iD‘.f(Sn)(ai) =0,

i=1

f}D: fem(a) =0 (n=0,1,--);

i=1

3) >0, [ sbutas = 9195 =

=1 z

.Z:D'! f Csilhas— 9 1f(s)ds = 0.

It will be seen that the conditions of Theorem 11b include those of Theo-
rem 11a. The proof of this theorem follows along similar lines by breaking up
G into a sum of the principal parts at both A\, and A\, and a function which
is analytic for A< |\; |3, and correspondingly breaking up the coefficients
H;..

The matrix

i o ot |

D{ D; Dj

may be supposed to be of rank two. If it should ever happen that (for proper
a;) it is of rank 1, then the latter part of condition 2 is superfluous, and one
could even further extend the permissible exponential type of f(z).

17. Convergence of the series ) .02 o1 Ci 2ti »(z). We shall now prove
the following analogue of Theorems 4-6:
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THEOREM 12. Let the roots of D(N)/N® in the N-plane, arranged in order of
non-decreasing amplitude, be
xl3,x23’ cee,
and suppose that
Ml <aal <[] <]

and that N2, N3, \s® are all simple roots. Write the equations (49) corresponding to
the roots N\i,1=1,2, 3, in the form

Ni(Mi2) : No(Miz) 1 Ns(Niz) = D; 1:D; 2:D; 3, D;,; # 0.

Suppose that the determinant |D; ;| does not vanish, and let 5, ; be the reciprocal
matrix to the maitrix D; ;. In order that the series

(52) E [Cl.nal,n(z) + C2.na2.n(z) + Cs.na3 ,,,(z)]
n=0
converge for general values of z, it is necessary that the three series

© 3

(53) EE.’_,./)\.‘s"; E;,= ZC,’,,.D.‘,,’ (1: =1,2, 3),
n=0 =1

all converge. Conversely, when these series are convergent, the series (52) con-

verges for all z, uniformly in any finite region, and may be broken up into a sum

of the three series

(s4) S EBin(®); Bin(®) = Soisarn@®  (i=1,2,3),

n=0 i=1

convergent likewise and to integral functions fi(z) of exponential type at most
equal to |N;| respectively, and satisfying the conditions

(3) 3Dy S(a) = 0 for i % k.

=1
It will be noticed that the latter conditions are of the same type as condi-
tions 2 of Theorems 11a, 11b.
The constants D; ; may be definitely fixed by assigning their values for

some one j. We shall suppose that D;,=1. If further we denote N:(Az) by
N(Az), we may write the equations which define D; ; in the form

N.'(X,'Z) = D,‘,.'N(ij) .

The statement of the necessary conditions in the theorem includes the
somewhat vague phrase “converge for gemeral values of z.” The proof pres-
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ently to be given will show that the series (53) converge if (52) converges for
three values of z: 21, 2;, 23, such that the determinant |N (\iz;) | does not
vanish. Now, as the theorem further states that the convergence of (53) in-
sures the convergence of (52) for all z, it follows that the set of values of z for
which (52) converges is such that for any three of its points, 2, 2, 23, the
equation |N(A:z;) | =0 holds. Hence this set, when it does not consist of the
complete complex plane, is a discrete set with infinity as its only possible
limiting point.

The proof of Theorem 12 is quite analogous to the proof of Theorems
4-6. The separation of the series (52) into the three series (54) is analogous to
the breaking up of (31) into (33;) (§10). Barring questions of convergence,
the equivalence of (52) and the sum of (54) is manifest from the identity

Zst,-,,.a,-,n(z) = Zs: (gci.nDi.l)[ iﬁk.jak,n(z)] = Zs:Ei.nBi.n(z):

k=1 j=1

j=1 i=1

an identity which itself follows from the relations between the elements of the
mutually reciprocal matrices D; ;, §; ;:

3
2Dk = {
i=1

We shall now establish asymptotic formulas for the functions f:,.(z), based
upon the fact that their generating functions possess in the A>-plane only one
pole, namely, \* =\ 3, inside the circle of radius [\3|. The generating functions
of a;,.(2) are given by

3°Gi(z, s; N)
46 —_—
(46) pye

lforz:=k,

0 for 7 = k.

AN\ &
= = a;.a(2)N3",
A NP
From these equations, and since the principal part of A2N;(z2\)/D(\) at a sim-
ple root \;is

AAN(20)/[C (N — A )],
where

C; = dD(X\)/d\3

A=) ," B
follows

ain(®) = — SNAA)/CAP) + 0| N — 50

i=1

3
- ZN(Z);‘)D,’J/(C,’)\#"'H) + 0(| )\4! — 6)—3", e> 0.

=1
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Hence

Bin®) = Sbsind)

=1

— Za,',.' ZN(Z)\k)Dk'j/(Ck)\ka"*'l) + 0[( I X4| - 6)_3"].

i=1 k=1

Carrying out the j-summation first and replacing Zi=,6,~,,~Dk_,~ by 1 or 0 ac-
cording as =k or i %k, we obtain

Bin(a) = — N(\)/(Ca™Y) + O[(| \e]| — ¢—37].

Now suppose that the series (52) or, what amounts to the same thing, the
series

L]

3
(s6) 5 (Zubin),
n=0 i=1
converges for z=2, 2;, 2;, where these values are such that the determinant
|N(\iz;) | does not vanish. Using the asymptotic representation developed
for B;,. we get

glEi,nﬂi.n(z) = — gEi'"{ [N(aN) /(Canidn) ]
* + O[([ M| = 9721} = (2, n),

and conclude that e(z, #n) approaches zero for z =2, 25, z; as # becomes infinite.
Regarding the three equations thus obtained as linear equations in E; ,/\3",
we find that the coefficients of these quantities approach the terms of the
matrix— N(z\:;)/(C:\;) as » becomes infinite. For sufficiently large #» we may
therefore solve for E; ./A3" from these equations, and conclude that these
quantities approach zero as # becomes infinite, and are therefore bounded in
n. Hence when the asymptotic representations (57) are substituted in (56),
part of the resulting series consisting of the O-terms converges for all z.
Therefore the remaining part of the series (54), namely,

_ é [gEi,nN(zxi)/(Cixi3"+‘)},

converges for z=2, 2, 2;. Finally, multiplying these last three convergent
series by the terms of the various columns of the matrix which is reciprocal
to N(z;\:)/(C:\;) and changing signs, we obtain for the left hand members the
series (53). These series consequently must converge.

Conversely, let the series (53) converge. By applying a proof similar to
that of Theorem 4, and the above asymptotic representations for 38; .(z) one
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shows that the series (54) will converge for all z, and uniformly in any finite
region. The generating function of 8; .(2),

3 =
228:.:0%G(z,5;0) /02| = D Bia(2)An,

=1 8=a; n=0

is a solution of
(41) #( )/az2 =N( ),

analytic in the N-plane for [A3| < |\3| with the exception of a pole of first
order at N*=\;? with residue N(2\;)/C.. Likewise the latter function satisfies
the equation (41) with A replaced by A\ and the partial derivative by a total
derivative. These facts are established in the same manner as the initial
equations (41), and from the above asymptotic formulas for 8; .. By utilizing
them and proceeding as in Theorem 4, one may express the finite series in
(54), SN _(E; .B:.(2), first as a contour integral around the origin, then
around a circle between |[N*|=|\#| and [A*|=|\&], and prove that the
limit of (54) is a function f:(z) of exponential type at most equal to |\;].

Finally, the proof of (55) may be carried out by showing that (55) is satis-
fied by each term of (54). This follows in a direct manner by differentiation
and substitution provided it is recalled that 8; .®™(a:) =0 except for m=n
and 7=k, in which case the value of the derivative is unity, and use is made
of the relation ) ;_ Dy ;8;,: =0 for i %k.

By applying this theorem to the case where C;,, are chosen as ¢ (a;)
one may obtain necessary conditions in order that P;,,.(z) converge to f(z),
and in this way formulate a theorem which is analogous to Theorem 7. Thus
far we have not succeeded in proving what may be suspected to be the ana-
logue of Theorem 8 to the effect that when the necessary conditions just men-
tioned are satisfied, f(z) will differ from lim, ... P3,.(z) by a linear combination
of N()\lz), N(xgz), N()\3Z)

18. The polynomials P, ,.(z) for m=1 and for m > 3. Sufficient conditions
for the convergence of P .(z) to f(z) as » becomes infinite, for the general
case m>2, have been outlined in §3. The proof of the sufficiency of these
conditions for an arbitrary m >3 may be carried out along the lines of Theo-
rem 10 by means of Green’s functions defined by a system of equations whose
formation is obvious from (8), (9.); (36), (37,); it consists of the differential
equation

2= (=0m()

and of proper boundary conditions. The solution of this system can readily
be expressed in terms of the function
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() xm—l x2m—l x3m—1
B _(m—1)!+(2m—1)!+(3m—1)!+”"

Likewise, by making proper assumptions concerning the m+-1 poles of the
Green’s functions, that are nearest the origin of the A=-plane, we may prove
results analogous to those of §§16, 17.

In their severest form these assumptions are that these poles are simple
(that is, of order 1), that no two of them are equally distant from the origin,
and that none of the constants analogous to the constants D; in equation
(48) vanish.

As stated in §4, the nature of the convergence of the polynomials P, .(2)
is radically different from the convergence of P. .(z) for m>1, since the
polynomial P; .(z) agrees with the first #» terms of the Taylor expansion of
f(2) about z=a,. It is of interest therefore to see what becomes of the Green’s
function and of the method of proof employed for m > 1.

The solution of
(31) du(z)/dz — zu(z) = — v(3)
satisfying
(41) u(a)) =0

is given by

(61) u(z) = Iale"("“)v(s)ds,

so that the Green’s function is now given by
G(z, z; )\) = G,

and it could therefore be defined after the manner of (8), (9:); (36), (37,) by
means of the system

aG(z, s; N\
(z : ) = - )\G(Z, S5 >‘):
as

G(z,2;\) = 1.

Successive application of the formula

(1) S 0w + 9ot 1os = (9409 |

to the derivatives of %(s) and the coefficients resulting from the expansion of
G in powers of A and between the limits z and a, leads to the familiar form for
Taylor’s series with a remainder:

32
8y
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u(z) = gu(‘)(al)(z — ay)i/i! — j:a(z — 5)"u'n+O(s)ds/n!;

it is generally obtained by successive integrations by parts of [3u’(s)ds.

As stated in the introduction (§4), “the reason” for the difference in the
convergence of P, .(z), and of P, .(z) for m>1, is due to the fact that the
Green’s function in the former case is integral in the parameter (rather than
meromorphic) ; hence the coefficients resulting from its expansion in powers of
\ possess a different asymptotic behavior that now allows the remainder to
approach 0 for a much wider class of functions.

It is easy to give examples of a system consisting of a non-homogeneous
differential equation of arbitrary order and of proper boundary conditions,
and for which the Green’s functions are integral in the parameter. Thus, the
differential equation (3)’, combined with the boundary conditions

u(a) = u'(a) = ... = u(m—l)(a) =0

has the solution

u(z) = j:as,,,[)\(z — 35) Ju(s)ds,

where s, is the integral function above defined. This system leads essentially
to Taylor’s expansion with the terms grouped in bunches of m each. Hence
the special features displayed by the polynomials P; . are not due entirely
to the fact that they are connected with a differential system of the first order.
It will also be shown in §21 that differential systems of the first order may
lead to polynomial approximations whose behavior is analogous to that of
P, .(z) form>1.

ParT IV. DIVERS EXPANSIONS

19. Expansions suggested by the Taylor expansion of the Green’s func-
tions of Part II about an arbitrary value of the parameter. We saw in Part II
that the approximations by means of P, .(z) were intimately connected with
the expansions of the Green’s functions A(z, s; \), B(z, s; \) in powers of A2
We shall now consider the expansions of these Green’s functions in powers of
A —\¢%, where A, is an arbitrary constant, not a pole of 4, B, and different
from zero:

40z, 50 = Dnenls, ) — A",
(58) ":"
B(z, s;\) = EBM,"(Z, 5)(A2 — A)n.
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It will be found that these Taylor series suggest approximations to an ana-
lytic function by means of solutions of

(59) (D= A)"=0 (n=1,2,--+),

satisfying the same boundary conditions at ¢ and b as were satisfied by
P, .(2); in (59) D? stands for the second derivative, while (D?—\¢*)* stands
for n successive applications of the operator (D2 —X\?).

The expansions (58) are obviously valid in the A>-plane inside a circle with
center at \¢® and passing through the nearest pole (or poles) of 4, B, that is,
for

A2 =g | <A =],
where \,? denotes that nearest pole (or either of the two nearest poles in case
there are two of them). Substituting (58) in (8) written in the form

[(5‘9—; - x&) — (22— w)] (4,B) =0,

as well as in (9;), and equating coefficients of like powers of (\2—X¢?) on both
sides of the resulting equations, we find that 4,,..(2, s), Bx,.»(2, 5) satisfy
the differential equations

92 0forn =0,
(————)\oz)Ax,,,,(z, 5) = {

9s? A x,,‘,n_l(z, s) forn > 0,

(60)
a2 0 forn = 0,
(— - )\&)B;‘,,n(z, 5) = {

9s? By, .n-1(z, s) forn > 0,
as well as the same boundary conditions (13;) as were satisfied by 4,, B..
Next consider the expansions of

3A4(z, s;0)/ds| , 8B(z, s; \)/ds

8=a

in powers of A2 — A\¢;

8=a

dA(z, s; N) sinh \(z — d) ©
‘! e Tt N A n N2 — N\ 2 n,
0 ds o=a sinh N(a — b) nzs;)"‘"o' (a)( ?)
aB(z’ S5 x) sinh )\(z — d)

= S8 — ).

o sinhNa—1b) =

as

The coefficients an,.(z), Bx,,.(3) are obviously related to the coefficients of
the expansions in (58) as follows:

’ 6)\0,71(2‘) = aB)‘o.n(Zr S)/as ’

s=a 8=b

on,.n(2) = 04y, .4(2, 5)/0s
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and reduce to az,.(2), Bz..(3) for A\g=0. Now the generating functions in (61)
satisfy (in 2) the differential equation
[D2 —2]( ) = [0 =22) = (M =2)]( ) =0
and take on at z=a, =0, the values 1, 0; 0, 1, respectively. Hence,
0 forn = 0,
D2 — \g2 (2) =
( #ana(s) {ax,,,._l forn > 0,
1forn =0,
annle) = {0 forn > 0,

a)‘o:n(b) = 0’

and similar relations hold for 8,,,.. From these facts it follows that a,..(2),
Bx,.n(2) are solutions of (D*—\)"H( )=0 and that their derivatives of
order 0, 2, - - -, 2n at z=a, 2="0, agree with the corresponding derivatives
of a,(z), B.(2) at these points.

We may now generalize formula (16) by establishing

n

10 - 3[4

(62) i“°a .
- f Ay, (2, (D2 — A2)#1f(s)ds + f Ba,alz, (D — AE)™1f(s)ds.

aa)‘o,.'(z) + (Dz - )‘Oz)if(s)

8=

bﬁx..i(z):l

8=

This is done through successive applications of

ﬁ “Tu(s) (D2 = A2)o(9) — o()(DF — A)u(s) s = u(s)o(s) — u'<s>v'<s>]

to the pairs of functions A», (2, 5), f(s); Ax,1(2, 5), f/’(s); - - -, and in a
manner quite analogous to the way in which (16) was deduced. From the
properties of ax, i, B1,.: it is possible to show that the finite sum on the left of
(62)—it might conveniently be denoted by Py, .41(z)—is a solution of
(D*—Ae)™( ) =0 and that its derivatives of order 0, 2, - - -, 2xn at z=a,
z=>, agree with those of f(z). The function P\, ,.(z) we shall consider as an
approximation to f(2); it is of the form e*+Q,(z) +e=*= Q;(z), where Qi, Q; are
polynomials in z of at most the (»—1)th degree.

As an analogue of Theorem 1, one might seek for sufficient conditions
in order that P,,,,. approach f(z) as #» becomes infinite, conditions of the

form f(z) =0(e**'), where £ is a properly restricted constant. For such func-
tions the inequality

(24) | /7(2) | < Cntizfen
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holds. Hence
| f(z)| < CK", K < &,
with a possibly different C, and
| (D" = 2&)7f() | < C(K? + [ N[

Now the functions 4(z, s;\), B(z, s; \) are analytic in the A>-plane in a circle
of radius [A@¥—\:2| (A2 is the pole, or either of the two poles, of these func-
tions which is nearest to A ¢?). Hence,

Ax,_,.(z, s), on,,.(z, s) = 0[([ A2 — A2 | + e) ]"', e> 0.

Combining this with the preceding inequality, we infer that the right-hand
member of (62) approaches zero as # becomes infinite if

(K24 n)/(| A =22+ < 1.

From this it appears that a sufficient condition in order that Py, ..(2) ap-
proach f(z) is that

f(z) = 0(er#), k2 < [N = N2 | — [N ] .

The last inequality for % is non-vacuous only if its right-hand member is
positive, that is, if the origin is nearer to A? than any of the poles of 4, B.
(When such is the case, \,? is necessarily the pole \2= — 7%/(a —b)2.) However,
even when it is non-vacuous, the sufficient condition just found is quite
inadequate to characterize the functions that may be approximated to an
arbitrary degree by means of Py, 2,.(2). This may be seen by considering the
example f(z) =sinh k(z—b), where % is a constant. It may be shown directly
that now the sequence Py, 2..(2) converges to f(z) when and only when

| B2 —N@ | <Az =]

The last example shows that conditions of the type f(z) =0(e*!*!) are not
properly suited for the problem at hand. More effective conditions may be
given in form of inequalities involving (D?*—\?)"f(z).

Let now the poles of 4, B, arranged in order of non-decreasing distance
from A ¢?, be

A AR, -

and suppose that [Ao®=\2| < [N2=N?| < [N?=Ag?|. Each of the poles A2 is
equal to —k?w?/(a—b)?, where k; is a proper integer; the above inequalities
could readily be shown to restrict Ao from lying on certain parallel straight

lines. One may prove that a sufficient as well as essentially necessary condi-
tion for the convergence of
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Z[Cna)\o .n(z) + DnB)g 'ﬂ(z)]
n=0
is that the two series

)

2[Co + (= DD/ (N — AE)7,

n=0

S[Ca+ (= DEDI/OE = A2)»

n=0
be convergent; here £, is given by
k12 = — )\12(0 - b)"’/1r2.

In the convergent case, the limit function may be shown to be of exponential
type at most equal to k.m/ [a—b]|.

By replacing C,, D, above by (D*~X¢)"f(2) |:s, (D*—N¢)"f(2) |s=, one
may obtain necessary and sufficient conditions for P,, . .(2) to converge.
When these are satisfied, one may show that f(z) differs from the limit ap-
proached by Ph,2..(z) by a linear combination of sin [kw(z—a)/(a—b)];
k=1,2, o ,kz.

For \;=0, the above results reduce to those of Theorems 6-8.

20. Expansions of the Green'’s functions about a pole and the approxima-
tions they suggest. To illustrate the new features that occur when the Green’s
functions are expanded in a Laurent series in the parameter in the neighbor-
hood of a pole, we shall consider in this section the Green’s functions 4 (z,s;\),
B(z, s; N\) defined by means of (8), (9s), (94), and the two further boundary
conditions

9A(z, s; N o, dB(z, s; ) _o.
ds s=a as a=b
These functions are not to be confused with the Green’s functions 4, B of
Part I1. We find

cosh \(z — b) cosh \(s — a)
X sinh \N(a — b)

cosh \(z — @) cosh \(s — b)

A sinh M(a — d) .

Az, s3\) = —

)

(63)

B(z, 5;)) =

These functions are connected with the system (3:"), #'(a) =%'(b) =0, in the
same way that the functions defined by (8), (9:;) are connected with the
system (3;’), (4;). It will be observed, however, that now A =0 is a pole of the
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second order for the functions 4, B; this is connected with the fact that a
non-trivial solution of the above system exists for A =0, namely, %(z) = con-
stant.

We shall now denote by F(z) any iterated integral of f(z) (for example,
Ja(z—5)f(s)ds), expand 4, B in powers of \?:

Az, 5;0) = 2da(z, N, B(z, 5;0) = 2 Ba(s, M,

n=—1 n=—1

and apply the formula (7) to the pairs of functions

between the limits z and b, and add the resulting equations. On making use
of the various differential and boundary-value properties of 4;(z, s), Bi(z, s)
we get

f(z) = A_i(2, 9)F'(a) + B_.(3, b)F'(b) + é[Ai(z, a) f@#+1(g)
(64) + Bi(z, b)f(“H)(b)] n j;af(zn+2)(s)An(z’ s)ds

+ fbf(2n+2)(s) B’n(z’ s)ds,

The nature of the above summation is understood from the formulas
A.(2, 0) = ansi(2), Bu(3,0) = anta(z) (n=—1,0,1,--.),

where a.(2), 8.(2) are the polynomials of Part II. These equations are imme-
diately deduced from (63) and (17;). The summation in (64) may now be
easily shown to be a polynomial of degree at most 2#z4-2 whose derivatives of
order 2i+1,7=0,1, - - - ,n,at 2=a, =0 are equal to corresponding deriva-
tives of f(z) at those points. The term preceding the‘, summation in (64) is

E®) ~ F@/G - o) = [ 14/~ o),

and may be ascribed to the pole of the Green’s functions at the origin.

A treatment of the approximations suggested in this fashion may, of
course, be given along the lines of Part II. The problem could, however, be
shown to be equivalent to the approximations by means of P, ,(z) as follows.
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Suppose that the function f’(z) can be uniformly approximated by
means of the polynomials P,,,(z) so that

) — Z”%[f‘”*”(a)m(Z) + 7es()82)] | < e

in an arbitrary region enclosing a and b, for n large enough. Integrating the
“remainder” and making use of

f an(D)dz = dprs(s) + C,*

we infer that for proper constants C,

n

lim f(z) — 2. [fe*V(a)airi(a) + F@+V(0)Bi(2)] — Cu = 0
n—® =0
uniformly in an arbitrary given region. Integrating the left hand member
from a to b we get
b
lim | f(z)dz — C.(b — a) = 0.
Hence C, above could be replaced by the constant [f(z)dz/(b—a).

21. Expansions connected with a first-order differential equation and a
two-point boundary condition. We shall be concerned in this section with
approximations to f(z) by means of polynomials P,(z) of degree at most #n—1,
such that
(69) Pu(a) + BP(B) = £7(0) + B (B) (i=0,1,- - ,n—Lim=1,2,-- ),
where ¢ and b are two given fixed points, and % is a given constant which we
suppose different from 0 or —1.

To prove the existence and uniqueness of the polynomials P,(z), consider
the function

C(z, N) = b /(gre=b) k).
Since k0, —1, the denominator above vanishes for an infinite number of

values of \, none of which is equal to 0; these roots of the denominator are
simple. We may therefore expand C(z, \) in powers of \:

(66) CN) = Shva(s),

n=0

* See footnote in connection with equations (17;).
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where the expansion converges for |\ | < [A;|, M being the pole or either of the
two poles of C(z, \) nearest the origin of the A-plane. Now C(z, \) satisfies the
equations

aC(z, N) /92 = N\C(z, 2),
C(a, N) + kC(b,\) = 1.

Hence a,(3) satisfies the conditions
0 forn=0,
«l( = {
a,_yforn > 0,
1 forn=0,
A(a) + kanld) = {
a(2) an(?) 0 forn>0.

From this we conclude that «,(z) is a polynomial of degree #, and that

i i 0 for ¢ # n,
«(0) + ka’(b) = { ,
1fori=mn.

It is now obvious that the polynomial
2 [19(a) + B9 (0) Je(2)
=0

satisfies the conditions (65) postulated for P.(z). The existence of a poly-
nomial satisfying these conditions is thus proved. The uniqueness of P,(z)
now follows from the fact that a polynomial satisfying conditions (65) exists
for arbitrary values of the right-hand members of (65).

To discuss the convergence of P,(z) to f(z), we introduce two Green’s
functions A4 (z, s;\), B(z, s;\):

As,553) = e/ 4 ke,
(67) B(z, s;\) = ket /(g2 4 pera),
These functions obviously satisfy the equations
(68) 9A(z, s;N)/3s = — N(z,5;N), 8B(z, s;7)/3s = — AB(z, 53 N),
A(z, 3; )\) + B(z, z; )\) =1,

(69) — kA(z, a;N) + B(z, b;)) =0,
and possess the same poles as the function C(z, N). In fact

C(z,\) = A(z, a; \) = B(z, b; \)/k.
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The expansions of 4, B in powers of A,

Az, 53N = 2 Aa(z, I,
(70) "~
B(z, s; N ZB,.(Z, S)A®
n=0
are valid within the same circle in the A-plane as (66).
We next apply

(1) [ 9w + w9 las = w003 |
to the pairs of functions 4 o(z, s), f(s); 41(z, ), f'(5); - - - 5 Aa(z,5), f™(s),
between the limits z and a; then to the pairs of functions Bo(z, s), f(s); - - - ;
B.(3, s), f™(s), between the limits z and b. Adding the resulting equations,
and making use of the various properties of 4;, B;, that result when the series
(70) are substituted in (68) and (69), and the coefficients of like powers of A
equated on both sides, we obtain in a familiar manner the formula

83
8

n

fi&) = 2[19(a) + &9 () 144z, o)

=0
a b
+ fA,,(z, s)urD(s)ds + f B.(z, s)un+V(s)ds,
or the “remainder” formula
a b
f(a) — Poi(z) = f A(z, s)u+(s)ds + f B.(z, s)u»tv(s)ds.

Using the last form of the remainder, there is no difficulty in showing that
a sufficient condition for the convergence of P.(z) to f(z) is that, in addition
to its being an integral function, f(z) be of exponential type less than |\;|.

As regards necessary conditions for the convergence of P,(z), the results
are even simpler than for the polynomials discussed in Part II. We shall first
suppose that  is not a real positive number. There will then exist one pole of
A, B, C, namely \,, which is nearest the origin. Equation (66) now leads to
the asymptotic representation

an(z) = const. &#/A; + O[(| A2| — &), ¢ >0,

where \; is the pole next nearest to the origin.
By means of this asymptotic representation one may study the conver-
gence of the series ) C,a.(3), and prove that this series either converges for
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all z, or diverges for all z, depending upon whether the series »_C,/\" con-
verges or not. In the former case, the sum of )_C,a.(z) is a function of expo-
nential type at most equal to |\; .

Applying these results to the case where C, =5 (a)+kf™(b) one obtains
necessary conditions in order that P,(z) converge to f(z). When these condi-
tions are satisfied, the limit function of P,(z), I(z), has the property that

f™(a) + kf™(b) = 1™ (a) + k1™ (b) (n=0,1,--).
Hence f(z) —I(z) is a solution of the difference equation
g(z) + kg(z+ b —a) = 0.

Now any solution of this difference equation is of the form eM#p(z), where
p(2) is periodic of period b—a. Combining this fact with the fact that f(z),
I(2) are of exponential type at most equal to |\;|, one may prove that the
difference I(z) — f(z) is representable by a finite Fourier series.

Suppose next that % is real and positive, so that there are two roots of
e*@=9 4k that are nearest the origin, namely,

(log & + i) /(a — b), log k real;

denote them by Ay, \; respectively (|A\:|= [A:]). We now have two poles on
the circle of convergence of the expansions of the various generating func-
tions in powers of the parameter, a situation which either has not presented
itself hitherto or has been artificially excluded. The previous asymptotic
representation of a.(z) now has to be replaced by

M=) =D

(2) = Ool(|» -, 0.
a(z) k;(b—a)h"—}- kl(b—a))\z"+ [(I 3|+e) ], e>

By using it, it is possible to show that in order that D Cn.a.(z) converge for
two arbitrary values of z it is necessary that both series

S Co/N", D .Ca/Ae”

involving the same constants C,, converge. Conversely, when both of these
series converge, Y _Cna.(z) converge for all z. In other respects this case does
not differ from the preceding case with a single pole on the circle of conver-
gence.

22. Certain boundary value expansions of functions of several variables.
As stated in §4, the expansions which we shall consider in this section formed
the starting point of the investigation that resulted in the present paper.

Let R be an arbitrary finite region, for definiteness in real euclidean space
of three dimensions, S its bounding surface, and let f(x, v, 2) be a function
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analytic within and on .S. We shall suppose that S is sufficiently regular so
that the Dirichlet problem for its interior, R, has a unique solution. We shall
consider the question of approximating to f by means of the sequence of func-

tions pa(x, ¥, 2), n=1, 2, - - -, where p, is determined by means of the
equations

(11) vinp, = 0,

(72) o =1, V2bn = V¥, - -, V" 2p, = V2" f over S.

To prove the existence of the approximations in question and to obtain a
formula for the remainder f— p., we shall introduce a sequence of functions
Go, Gy, - - - defined as follows: the first member of the sequence, Go=
Go(P, P’), is the Green’s function of potential theory for the region R, that is,
it is a function harmonic in the cosrdinates of P inside R, except for P at P’,
where G, plus the reciprocal of the distance from P’ is harmonic, and it
vanishes on S, the boundary of R; the succeeding members of the sequence,
G:=G(P, P’) for >0, are defined by means of

(73) VPG = Gi_y,
(74) G{P, P) =0for PonS.

The solution G; of (73), (74) may be expressed in terms of G, and G;_; by
means of a familiar integral form. These integrals are improper but conver-
gent, and represent functions analytic for both point arguments P, P’ inside
S except for P and P’ coincident. Thus, the integrand leading to G; becomes
infinite when the point of integration approaches P or P’ like the negative
reciprocal of the distance from that point, and therefore the integral is con-
vergent. The singularities of G:(P, P’) for coincident P, P’ get successively
milder (as judged from the point of view of functions of a real variable) with
increasing ¢. For, any solution % of the equation

V2 =an analytic function

is also analytic. Therefore, and since Go+7'is analytic without exception for
Pinside R, it follows by induction that for any ¢, G;+72+-1/(24) ! is analytic for
P inside R; hence the singularity of G; at P =P’ (that is, for P coincident with
P’) is precisely the same as that of —72i1/(24) |. From this we conclude that
while G;is non-analytic for P at P’, it is of class C@+? there.

From the integral expression of G;, >0, in terms of G, it follows that the
functions G, form the iterated kernels of the kernel G, of the integral equation

(75) u(P) = v(P) + N2 f Go(P, P)u(P)dP,
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where the integration extends over R; this integral equation is equivalent to
the differential equation

Viu — Nu = V¥
and to the boundary condition

#=0onS.

The kernel of the integral equation (75) becomes infinite for P =P’, but it is
well known that, except for a countable set of real “characteristic” values of
N2, (75) possesses a unique solution for an arbitrary v, while for each charac-
teristic value of A? the homogeneous integral equation obtained by putting
v=0 possesses a non-trivial solution (representing a mode of free vibration
of the cavity inside S). The theory of the solutions of the equivalent differen-
tial system, in fact, antedates the Fredholm theory, and served as one of the
landmarks in the development of the latter. With proper modifications, the
Fredholm theory may be applied, and the solution of (74) expressed by means
of a resolvent, whose poles are the above characteristic parameter values,*
and the Schmidt theory invoked to prove the existence and the reality of the
characteristic values. The functions G, are the coefficients which result when
the resolvent is expanded in powers of \%.

One way of applying the Fredholm theoty to (75), due to Fredholm him-
self, is to replace #(P’) in the integrand by the value obtained from the right-
hand member; thereupon the integral equation is changed into one with the
finite kernel G;; the resolvent of the original integral equation may be simply
expressed in terms of the resolvent of the resulting equation. f From this it is
seen that for » >0, the G, satisfy an inequality of the form

(76) |GA(P, P')| < C(p2 + &2, e > 0,

where p? is the smallest characteristic value of the parameter A\? of (75), and
Cis a constant independent of P and P’.
We now apply Green’s theorem

f(UvZV— Vv2U)dP = ﬁU(aV/an) — V(8U/on)]dS

* For references to the literature, see Hellinger-Toeplitz, Encyklopidie der Mathematischen
Wissenschaften, II C 13, 12, 13 (a).

t Hellinger-Toeplitz, loc. cit., 13 (b).

1 An inequality of this type follows for #»>2 without the use of the theory of integral equations
from the fact that Gy, Gz are bounded, and by the use of G» = fGi Ga—sdP for n>2. More precise asymp-
totic estimates may be developed for G, of a nature similar to (20) in the one-dimensional case.
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to the functions f(P), Gi(P, P’) (for a fixed P’) over the region inside S and
outside a small sphere whose center is at P’; also to each pair of functions
V¥(P), G\(P, P’); Vf(P), Go(P, P'); - - - ; V*f(P), G.(P, P’) over the same
region. Adding the resulting equations, and making use of (73), we find that
the sum of the volume integrands reduces to

— Gn(P, P')V“”f(P) .

If we now let the small sphere shrink down to the point P’, we see from the
analyticity of the functions G;+[r**1/(24) |], that all the surface integrals over
the sphere approach zero with the exception of [(dG./dn)fdS, which (as is
well known) approaches 4wf(P’). As regards the surface integrals over S,
one-half of them reduce to zero on account of (74). We thus get the formula

() = X [ vi(P) (6P, P)/om)ds
(77) =0 S
+ f G.(P, P)v2**f(P)dP.

As is known, if S is sufficiently regular, so that the Dirichlet problem for
its interior R has a solution, there exists a function #(P’) of class C’’ inside
S, continuous with its first derivatives at S, vanishing on .S, and satisfying in
R the differential equation

viu(P’) = o(P'),
where v is an arbitrary continuous function. For S so restricted one may prove
by induction the existence and uniqueness of a function #.(P’) of class C@r+2
in R, C@*D at §, and such that
(78) vertey, (P) = o(P') in R,
(79) u(P") = vu,(P) = - - - = v»u(P’) = 0onS.
Suppose then that we put this function %,(P’) in place of f(P’) in (77); all
the surface integrals vanish, and we get

4ru,(P) = f G.(P, P)v2»+2f(P)dP

= f G.(P, P)o(P)dP.

Hence we conclude that the volume integral in (77) represents the function
that is determined by means of (78), (79) when v is replaced by A?»+?. Con-
sequently the sum of the surface integrals in (77) represents a function ., sa-
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tisfying the conditions (71), (72). The uniqueness of p, also follows from
(77), provided that the uniqueness of the solution of (78), (79) is kept in
mind.

If in (77) we let #n become infinite, we are led to consider the infinite series
representation (80) below; with regard to the validity of this representation,
we state

THEOREM 13. In order that

(80) 4nf(P) = 35 | v**f(P)(3GA(Ps, P)/m)dS
n=0 S
hold for P inside R, it is sufficient that the analytic function f be dominated by a
function
Ceclz+°2”+°3’,

where C, c; are (positive) constants, and
o + ¢ + ¢ <o
p? being the smallest value of N2 for which there exists in R a function u#0,
vanishing on the boundary S, and satisfying
Vi — Ny =0
in R. .

The proof of this theorem follows readily by applying (76) as well as the

inequality

I V2nu| < C'p2n

to the volume integral in (77) (the latter of the above inequalities holds for a
proper constant C’ for (x, ¥, 2z) in R). The volume integral is thus seen to
converge to zero uniformly over R. Moreover, under the conditions stated, it
may be shown that if the order of summation and integration in (80) be inter-
changed, the resulting summation in the integrand converges uniformly for
P’ in R and P, over S; hence the integration may be carried out after the
summation.

A boundary value expression analogous to (80) may be established for an
arbitrary number of dimensions #. The singularity of the Green’s functions
has to be properly modified, and the constant 4= in the left hand. member of
(80) has to be replaced by the (#—1)-content of a unit (n—1)-sphere. It is
found that an increasingly large number of members of the sequence Gy,
Gy, - - - fail to remain bounded.* As a result it is found that the details of

* The functions taking the place of 72~1/(2:)! in displaying the nature of the singularity of G
at coincident P and P’ are discussed in the author’s paper On certain integrals over spheres, reported
to the Society in December, 1928.
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applying the Fredholm theory have to be modified with #. In the treatment of
the latter polynomials, it will be recalled that the independent variable was
allowed to range over the complex plane. Now a similar boundary value ex-
pression to the one considered could probably be given for the region outside
a surface S, but it would be of decided interest to generalize the formulas in
question to the complex domain, where, even for a real surface .S, the distinc-
tion between the inside and the outside of S would dissolve, after the same
manner that the inside and outside of an interval get connected when the
interval is immersed in the complex plane.

For n=1 the region R reduces to an interval (a, b), and the approxima-
tions p, become the polynomials P, , of Part IT.*

* It has been pointed out to the author that the results concerning the existence of roots of
certain exponential sums which have been above attributed to Pélya (see footnote, p. 303) had
been obtained at an earlier date by J. D. Tamarkin. For reference to the latter’s treatment, as well
as for more complete discussion of zeros of exponential sums, see R. E. Langer, Bulletin of the
American Mathematical Society, April, 1931, pp. 213-239.
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